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Abstract 

By exploiting the Jordan pair structure of U -duality Lie algebras in D = 3 and the relation to 
the super-Ehlers symmetry in D = 5, we elucidate the massless multiplet structure of the spectrum 
of a broad class of D = 5 supergravity theories. Both simple and semi-simple, Euclidean rank- 
3 Jordan algebras are considered. Theories sharing the same bosonic sector but with different 
supersymmetrizations are also analyzed. 
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1 Introduction 

In recent past, exceptional Lie groups with their various real forms have been shown to play a major 
role in order to exploit several dynamical properties of supergravity theories in different dimensions. 

Their relevance was highlighted by the seminal work of Cremmer and Julia [1], in which the existence 
of an exceptional electric-magnetic duality symmetry in J\f = 8, D = 4 supergravity was established, 
based on the maximally non-compact (split) form £7(7) of the exceptional group Ej . 

Further advances were pionereed by Giinaydin, Sierra and Townsend [2], which established the 
close relation between exceptional Lie groups occurring in D = 5 supergravity theories and Jordan 
algebras. In particular, different real forms of Eq (namey, the split form £^(6) for maximal M = 8 
supergravity and the minimally non-compact form i?6(-26) f° r exceptional minimal Maxwell-Einstein 
TV = 2 supergravity) made their appearance as reduced structure symmetries of the corresponding 
rank-3 Euclidean Jordan algebras. These latter are characterized by a cubic norm, which is directly 
related to real special geometry of the D = 5 vector multiplets' scalar manifold (see also e.g. [3], and 
Refs. therein) and to the Bekenstein-Hawking extremal D = 5 black hole entropy, when the Jordan 
algebra elements are identified with the black hole charges (see e.g. [HE], and Refs. therein). 

The 17-dualitjQ symmetry of maximal supergravity in D space-time dimensions is given by the 



1 Here [/-duality is referred to as the "continuous" symmetries of [T]. Their discrete versions are the [/-duality non- 
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so-called Cremmer- Julia sequence i?ii-_D(ii-D) 0IB], which for D > 5 yields classical groups. By 
arguments based on dimensional reduction, this sequence occurs in (at least) two sets of group em- 
beddings for maximal supergravity in 3 < D ^ 11: 

En-D(n-D) 3 ^io-d(io-d) x SO(l, 1); (1.1) 
E 8{8) D E n _ D{n _ D) xSL(D-2,R). (1.2) 

It is here worth remarking that, while (jl.ip is maximal and symmetric, the same does not generally 
hold for (TOD . 

The present investigation is devoted to the study of the embedding (|1.2p in D = 5: 

58(8)3%)X5L(3,1), (1.3) 

which, as recently pointed out in [9], is related to the so-called Jordan pairs. As also recently discussed 
in |1U] . for non-maximal super symmetry, f j 1 . 3 j) is generalized as 

G%dG%xSL(3,R), (1.4) 

where and respectively are the D = 3 and D = 5 [/-duality groups of the theory with 2N 
super symmetries. For instance, in the minimal (N = 4, corresponding to J\f = 2 supercharges in 
D = 5) exceptional supergravity [2j, (|1.4p specifies to a different non-compact, real form of (|1.4p . 
namely: 

£ 8 (-24) 3£ 6 (-26) x SX(3,K). (1.5) 

As recently analyzed in [ID] , the SX(3,]R) appearing in (|1.3p and (|1.4p can physically be interpreted 
as the Ehlers group in D = 5. More generally, three decades ago, it was shown [TT] that the D- 
dimensional Ehlers group SL(D — 2,R) is a symmetry of D-dimensional Einstein gravity, provided 
that the theory is formulated in the light-cone gauge. 

Interestingly enough, the supermultiplet structure of the underlying theory enjoys a natural expla- 
nation in terms of the Jordan pair embedding (|1.4p , if one considers the corresponding embedding of 
the maximal compact subgroups, which may largely differ depending on the relevant non-compact, 
real form. For example, in the maximal and minimal exceptional cases, the maximal compact level of 
(|1.3p and of (|1.5p respectively yields 

SO {16) D Usp(8) x SU(2)j; (1.6) 
£ 7 (-i33) x SU{2) D F 4( _ 52) x SU(2)j, (1.7) 

where the SU(2)j on the r.h.s. (maximal compact subgroup of the Ehlers <SX(3,M)) is the massless 
spin (helicity) group in D = 5. 

The plan of the paper is as follows. 

In Sec. [21 we introduce the (^-parametrized sequence of exceptional Lie algebras, and its decompo- 
sition in terms of Jordan pairs, by starting from the treatment of the compact case recently given in 
[9], and pointing out the relation to simple, Euclidean rank-3 Jordan algebras. Suitable non-compact, 
real forms, relevant for application to the super-Ehlers symmetry [10j in D = 5 supergravity, are 
considered. 

In particular, Sec. [3] deals with maximal supergravity, related to ^3" (Subsec. I3.ip . and with 
minimal exceptional magical supergravity, related to 3 3 |2j. In the latter case, considered in Subsec. 
13. 2\ the existence of a D-independent hypersector is crucial to recover the massless multiplet structure 
via representation theory. 

The interesting case of a pair of supergravity theory sharing the same bosonic sector, but with a 
different fermionic sector and thus with different supersymmetry properties, is considered in Sec. HJ 

perturbative string theory symmetries introduced by Hull and Townsend [6]. 
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namely, J\f = 6 "pure" theory versus minimal (M = 2) matter-coupled Maxwell-Einstein quaternionic 
supergravity, both related to ^ [2] . 

Sec. [5] lists the Jordan pair embeddings for all simple, Euclidean rank-3 Jordan algebras, also 
including the non-generic case of the D = 5 uplift of the so-called T 3 model (q = —2/3). 

Semi-simple, Euclidean rank-3 Jordan algebras are then analyzed in Sec. El focussing on the two 
infinite classes relevant for minimal and half-maximal supergravity in D = 5 (the former class includes 
the D = 5 uplift of the so-called STU model, which is separately analyzed in Subsec. I6.1.1|) . 

Within the semi-simple framework, a pair of theories with the same bosonic sector but different 
supersymmetry features (namely minimal 3g' 6 -related theory versus half-maximal ^-^-related theory, 
both matter coupled) is then analyzed in detail in Sec. [71 

Final observations and remarks are given in the concluding Sec. [BJ 

2 Jordan Pairs : the Simple Case 

We start by briefly recalling that a Jordan algebra Z [121 Q3] is a vector space defined over a ground 
field F equipped with a bilinear product o satisfying 

XoY = YoX; (2.1) 
X 2 o(XoY) = Xo(X 2 oY), VX, Y G Z- 

The Jordan algebras relevant for the present investigation are rank-3 Jordan algebras ^3 over F = R, 
which come equipped with a cubic norm 

N : 3 -> R, 

N (XX) = X 3 N (X) , VA G R, X G 5. (2.2) 

As an example, we anticipate that for both the rank-3 Jordan algebras ^3 and Z® s treated in Sec. 
[3l the relevant vector space is the representation space 27 pertaining to the fundamental irrep. of 
^6(-26) resp. i?6(6) > an d the cubic norm N is realized in terms of he completely symmetric invariant 
rank-3 tensor dux in the 27 (J, J,K = 1, 27): 

(27 x 27 x 27) s 3 311 = d IJK ; (2.3) 
N(X) = d IJK X I X J X K . (2.4) 

There is a general prescription for constructing rank-3 Jordan algebras, due to Freudenthal, Springer 
and Tits [14 1 115 1 fT6] . for which all the properties of the Jordan algebra are essentially determined by 
the cubic norm N (for a sketch of the construction see also |17j). 

The g-parametrized sequence of [/-duality (non-compact, real) Lie algebras 2fl in D = 3 (Lorentzian) 
space-time dimensions can be characterized as follows: 

£ 9 = si (3, R) str 03x3«ffi3'x Z 9 3 ', (2.5) 

where CS3 is a rank-3 Euclidean simple Jordan algebra; for the cases q = 8,4, 2, 1, the parameter q is 
defined as q =dim]gA, with A denoting one of the four normed division algebras A = O, H, C, R (from 
the famous "1,2,4,8" Hurwitz's Theorem; see e.g. |16]), respectively. ^3 fits into a (3q + 3)-dimensional 
irrep. of the reduced structure Lie algebra stro (3!)> which is nothing but the D = 5 [/-duality Lie 
algebra. Also, 

£" = qconf(al) (2.6) 

is the quasi- conformal algebra of ^3 [13 [19], i.e. the [/-duality Lie algebra in D = 3 (see e.g. [2pl I2T] 
for an introduction to the application of Jordan algebras and their symmetries in supergravit)o, and 
lists of Refs.). 

2 In these theories, the ?7-duality Lie algebra in D — 4 is given by conf(33) = 0111(5(33)), where 5(^3) denotes the 
Freudenthal triple system constructed over ^3. 
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(|2.5p is a suitable non-compact, real version of the decomposition of the compact Lie algebras 
(subscript "c" stands for compact) [9] 



2% =su(3) estr , c (3 



V2> 



3 x © 3 x tJj, 



(2.7) 



with the various cases given by the following Table 1: The sequence £c is usually named "exceptional 



q 


8 


4 


2 


1 





-2/3 


-1 




e 8(-248) 


e 7(-133) 


e 6(-78) 


f4(-52) 


so (8) 


02(-14) 


5U(3) 


str , c 


e 6(-78) 


5U(6) 


su(3) ©5u(3) 


su(3) 


u(l)©u(l) 







sequence" (or "exceptional series"; see e.g. [22] . and Refs. therein). 

At Lie group level, the algebraic decompositions (|2.5p and (|2.7p are Cartan decompositions respec- 
tively pertaining to the following maximal non-symmetric embeddings: 



QConf D SL (3, M) x Str 

QCon/ c D 5C/ (3) x Str , c (^) • 



(2.8) 
(2.9) 



The non-semi-simple part of the r.h.s. of (|2.5p and (|2.7p is given by a pair of triplets of Jordan algebras, 
which is usually named "Jordan pair" (for a recent application in the compact case and a list of Refs., 
see e.g. [9]). 

(Suitable real, non-compact forms of) all exceptional Lie algebras can be characterized as quasi- 
conformal algebrasl of suitable Euclidean simple Jordan algebras of rank 3. Moreover, in the next 
Sees, we will consider the extension of Jordan pairs to semi-simple Euclidean Jordan algebras of rank 
3 of relevance for supergravity theories (to which the case of so (8), q = belongs). 

As recently analyzed in [10], the SX(3,M) appearing in (|2.8j) can physically be interpreted as the 
Ehlers group in D = 5. Three decades ago, it was shown [11] that the D-dimensional Ehlers group 
SL(D — 2, R) is a symmetry of D-dimensional Einstein gravity, provided that the theory is formulated 
in the light-cone gauge. For any D ^ 4-dimensional Lorentzian space-time, this results enables to 
identify the graviton degrees of freedom with the Riemannian coset 



M 



SL (D 



'Ehlers 



grav 



SO(D-2)^ 



(2.10) 



even if the action of the theory is not simply the sigma model action on this coset (with the exception 
of D = 3). In D = 5, this statement reduces to the well known fact that the massless graviton 
described by the Einstein-Hilbert action with five degrees of freedom allows for an enhancement of 
the massless spin subgroup SO (3)j ~ SU(2)j of the Lorentz group in D = 5 (Lorentzian) space-time 
dimensions the non-compact Ehlers group : 



SU(2)j -> 5L(3,M) E hler S . 



(2.11) 



As studied e.g. in [231 IM1 E51 ESI E7] , in AA-extended supergravity theories in D dimensions, the 
Ehlers group enjoys an interesting interplay with the [/-duality symmetry Gfy; algebraically, it can be 

3 [/-duality G%: 



defined as the commutant of Gfy itself inside the D 



G%- D G^f x SL(D — 2,M) Eh i er . 



(2.12) 



3 The case q — —1 is trivial (su(3) = su(3)), and it corresponds to "pure" M — 2, D = (3, 1) supergravity; therefore, 
it does not admit an uplift to five dimensions, and it will henceforth not be considered. Moreover, su(2) might be 
considered as q — —4/3 element of the sequence in the second row of Table 1, as well. However, this is a limit case of 
the "exceptional" sequence reported in Table 1, not pertaining to Jordan pairs nor to supergravity in D — 3 dimensions, 
and thus we will disregard it. 
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In [TO], the direct product G% x SL(D - 2, R) was dubbed super- Ehlers group, and it was conjectured 
to be a manifest off-shell symmetry in the Hamiltonian light-cone formulation of the TV-extended 
supergravity theory. 

In D = 5, the specification of (|2.12p for all N > 2 theories, as well as for a broad class of Af = 2 
models, is given by (|2.8|) itself. This latter is a non-symmetric embedding, but it is however maximal; 
thus, no further "enhancement" of the super-Ehlers symmetry into some larger symmetry occurs^, as 
instead is the case in D = 10 type IIB supergravity and other theories [TO] . 

The present paper is devoted to the detailed analysis of suitable non-compact real form of Jordan 
pairs, and elucidation of their relevance for the algebraic definition of the super-Ehlers symmetry in 
D = 5 supergravity theories, as well as for the determination of the multiplet structure of the massless 
spectrum. 



3 q = 8 

Let us consider the case q = 8. From (|2.7p and Table 1, it corresponds to 

f8(-248) = su (3) © e 6( _ 78) ©3x2703x27, 

or, at compact group level: 



8(-248) 



D SU (3) x E { 



6(-78)! 



248 = (8,1) + (1,78) + (3, 27) + (3,27) 



(3.1) 

(3.2) 
(3.3) 



where 27 is the fundamental irrep. of EW-78) ■ 

By confining ourselves to Euclidean rank-3 simple Jordan algebras, two possibility arise (recall (|l,3p 
and (fT3|) ): 

*B(-24) = 51 ( 3 , M ) © e 6(-26) 3 x 27 © 3' x 27', 

+; : 

E 8(-24) ^> SL(S,R) X -E 6 (_26); 

(3.4) 

e 8(8) = si (3, M) © e8(6) © 3 x 27 © 3' x 27', 

E m DSL(3,R)xE m , 

where i?8(-24) an d -^8(8) are the two only real, non-compact forms of Eg, namely the minimally non- 
compact and the maximally non-compact (split) one. 



: < 



3.1 ^ s 

Let us start by considering the split case. This has an interpretation as maximal supergravity (32 
supersymmetries) [2]; this is a "pure" theory, in which no matter coupling is allowed, and only the 
gravity multiplet exists. 

The maximal compact subalgebra (mcs) of qconf = e 8 ( 8 ) and stto ^s" 3 ^ = ?6(6) respectively 

reads 



m cs (e 8(8) ) = so (16) ; mcs (e 6(6) ) = usp (8) , 
and the corresponding relevant maximal non-symmetric embedding is (recall (|l,6p 

so (16) = su(2) © usp (8) © 3 x 27; 
SO (16) D SU (2) x USp (8) ; 

120 = (3,1) + (1,36) + (3, 27), 



(3.5) 

(3.6) 
(3.7) 
(3.8) 



4 However, enhancement to infinite-dimensional Lie algebras, along the lines of [28], should occur. 
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where 27 is the rank-2 antisymmetric skew-traceless irrep. of U Sp (8). Note that SO (16) and USp (8) 
are the ^-symmetry of M = 16, D = 3 [29J SO] and of M = 8, D = 5 [31] maximal supergravity, 
respectively. 

On the other hand, the branchings corresponding to the maximal symmetric embeddings ()3.5p read 

E m D SO (16) : 248 = 120 + 128, (3.9) 
£ 6(6) D USp (8) : 78 = 36 + 42. (3.10) 



In (|3.9p . 128 is one of the two chiral spinor irreps. of SO (16), in which the generators of the rank-8 
symmetric scalar coset sq{i6) °^ ^ = ^ = ^ maximal supergravity sit. In (|3.10p . 42 is the 
rank-4 antisymmetric skew-traceless self-real irrep. of USp (8), in which the generators of the rank-6 
symmetric scalar coset ^g^g) of J\f = 8, D = 5 maximal supergravity sit. 

Thus, under (|3.6p - (|3,7p . it is worth considering also the following branchings: 

SO (16) D SU (2) x USp (8) ; (3.11) 

16 = (2,8); 

128 = (5,1) + (3, 27) + (1,42); (3.12) 

128' = (4,8) + (2,48) , (3.13) 

where 48 is the rank-3 antisymmetric skew-traceless irrep. of USp (8), and 128' is the other chiral 
spinor irrep. of SO (16), conjugate to 128. 

Some remarks are in order. 

1. The branchings (|3.13p and (|3,12p suggests the identification of the SU (2) on the right-hand 
side of (|3.7|) (or (|3.1ip ) as the spin group for massless particles (as understood throughout the 
present investigation) in D = 5 space-time dimensions: 

SU (2) = SU (2) j . (3.14) 

Indeed, decomposition (|3.12|) corresponds to the massless bosonic spectrum of M = 8, D = 5 
maximal supergravity (128 states): 1 spin-2 field (graviton), 27 spin-1 fields (graviphotons), and 
42 spin-0 fields (real scalars). On the other hand, decomposition (|3.13p yields the corresponding 
massless fermionic spectrum (128 states): 8 spin-3/2 fields (gravitinos) and 48 spin-1/2 fields 
(dilatinos). Thus, at the level of massless spectrum, the action of supersymmetry amounts to 
the following exchange of irreps.: 

SO (16): 128 < — ► 128'. (3.15) 

B F 



2. As denoted by the subscript "P" in (|3.16p . the spin group SU(2)j commuting with USp (8) 
inside SO (16) (recall (|3.7p or (|3.1ip ) is the Kostant "principal" SU(2) [32] maximally embed- 
ded into the SX(3, M) Ehlers group, which occurs in the embedding Egrgs D SL(3, K) x E e ^ 
pertaining to 3® s in (|3.4p : 

5L(3,M) Dp SU(2)j : 3 = 3, 8 = 3 + 5. (3.16) 

Due to the isomorphisms SU (2) ~ SO (3) and to the split nature of the non-compact, real form 
SL (3, M) of SU(3), the maximal embedding (I3.16P is symmetric (whereas generally the principal 
SU{2) embedding is non-symmetric). Therefore, consistent with its physical interpretation as 
Ehlers group in D = 5 [11] (see also e.g. App. of [33] ) , the split form SL (3, M) of the Jordan-pair 
SU(3) maximally enhances the massless spin group SU(2)j in D = 5, as given by the principal 
embedding (|3.16p . 
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3. As a consequence of the ^"-related embedding in (|3.4p and of the embedding (|3.7p (or (|3.1ip ). 
the following (maximal, non-symmetric) manifold embedding holds: 

#8(8) D #6(6) x 5L(3,R) Ehlers ^ ^^ 17 ^ 



50(16) E/5p(8) SU(2) 

This has the trivial interpretation of embedding of the scalar manifold of (J\f = 8) maximal 
D = 5 theory into the scalar manifold of the corresponding (J\f = 16) maximal theory in D = 3, 
obtained e.g. by two consecutive space-like Kaluza-Klein dimensional reductions. By recalling 
(|2.10p . the maximal symmetric rank-2 5-dimensional coset 

gMgjWg SL(3,R) 

SU(2)j 50(3) 1 ' ' 

in the r.h.s. of (|3.17p is associated to the massless graviton degrees of freedom in D = 5 
Lorentzian space-time dimension. Indeed, it is nothing but the D = 5 case of the coset (|2.10p . 

4. Decompositions ()3.12j) and f|3.13j) of 128 and its conjugate 128' under the embedding p. lip , 
which are consistent with the space-time spin-statistics, are not the usual ones, as reported e.g. 
in [M] and [35]. As investigated in [36] and [38] (see also [37] and, for a recent discussion, [TO]), 
in the Lie algebra so(2n) (n £ N) there are pairs of subalgebras which are inequivalent, namely 
which are not mapped one into the other by the conjugation by an element of so(2ra) itself. 
They are however linearly equivalent, i.e. in every representation of so(2n) they are mapped 
one into the other by a suitable implementation of the outer so(2n)-automorphism. Clearly, a 
(semi-)spinor irrep. of so(2n) branches differently into each of such two linearly-equivalent and 
inequivalent subalgebras. The cases relevant in the present investigation are obtained by setting 
n = 4 and n = 3 in the following maximal non-symmetric embedding pattern^ 

SO(4n)DSU(2)xUSp(2n); 

4n=(2,2n). {6 ' W) 



From a Theorem due to Dynkin [36, 37J, this embedding is nothing but a consequence of the 
self-conjugacy of the bi-fundamental (2,2n) irrep. of SU (2) x USp(2n): 

(2,2n) x s (2,2n) = (2 x s 2, 2n x s 2n) + (2 x a 2, 2n x a 2n) 

= (Adj sm , Adj USp(2n) ) + (1, Ag) + (1,1) ; (3.20) 
(2,2n) x a (2,2n) = (2 x s 2, 2n x a 2n) + (2 x a 2, 2n x s 2n) 

'Adj Sf/(2) ,lJ + (l,A4j rap(an) J + (Adj S[/( 2),Ag) , (3.21) 

where Aq is the rank-2 antisymmetric skew-traceless irrep. of USp{2n) (of total real dimension 
2n 2 — n — 1). In general, two non-equivalent (but linearly equivalent) usp(2n) subalgebras of 
so(4n) exist (distinguished by a "+" or "— " subscript), under which the (semi-)spinor irreps. of 
so(4n) branch in different way. In particular, the case n = 4 of (|3. 19|) splits into a "standard" 
embedding (as e.g. reported in [M] and in [5S]) pertains to, say, USp(8),, and it reads 

SO (16) D SU{2) x USp(8) + ; (3.22) 
128 = (4, 8) + (2, 48); (3.23) 
128' = (5,1) + (3, 27) + (1,42), (3.24) 

as well as into a "non-standard" embedding, pertaining to USp(8)_, which is given by (|3.1ip - 
(|3.13p . As discussed above, this latter is relevant (for consistency of spin-statistics assignments 



°For the first application of such an embedding in supersymmetry, see e.g. [39] 
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in Lorentzian space-time) to J 3 s , and thus to maximal supergravity in D = 5. It is immediate to 
realize that the role of the conjugate semi-spinor irreps. 128 and 128' of 50(16) is interchanged 
in the "standard" and "non-standard" embeddings, or equivalently, when decomposed with 
respect to the maximal (singular) subalgebras USp(8) + and USp(8)_. 

5. As recently analyzed in |10j . to each (not necessarily maximal nor symmetric) embedding (|2.12p 
one can associate a pseudo-Riemannian and a Riemannian compact coset, respectively: 



M M = —n ; ; (3-25) 

G° r xSL(D-2,R) EUe J 



M% = , n , V N [ — , 3.26 

N mcs (G%) x SO (D - 2) / V ; 

where here "mcs" stands for maximal compact subgroup. In all theories of supergravity with 
symmetric scalar manifolds (as considered in [TO]), the cosets (|3.25p all have vanishing 
character, namely they have the same number of compact and non-compact generators, which 
in turn equals the real dimension of MR (|3.26[) : 



c {Mtf) = nc (M#) = dim R (M#J . (3.27) 

In [TO], this property was related to Poincare duality and to the symmetry of the cohomology 

of Mj^ under the action of the Hodge involution. In J\f = 8, D = 5 supergravity, (|3.25p - (|3.27p 
respectively specify to 

M «=* = f x sn\ m ; (3 - 28) 

^6(6) x ^M^KJEhlers 

M *= 8 = USp(8)xSO(3)/ (3 - 29) 

[Mfr =8 ) = nc (M& =8 ) = dim R (M£r =8 ) = 81, (3.30) 



c 



and the result ()3.30p can be simply explained by noticing that the Cartan decomposition per- 
taining to Mj^ =g is given by (|3.2ip with n = 4, which thus yields that the generators of Mj^- =8 
fit into the irrep. 

(Adjsup), Ag) = (3, 27) of SO (3) x USp(8), of total real dimension 81. 



The case pertaining to the rank-3 Euclidean Jordan algebra over the normed division algebra of 
octonions O has an interpretation as minimal supergravity (8 super symmetries), namely octonionic 
(also named exceptional) magical Maxwell-Einstein supergravity [2]. Coupling is allowed to two types 
of matter multiplets, namely vector and hyper multiplets. 

An important difference with the case of 3® s treated above is the presence of an hypermultiplet 
sector, which is independent on the dimension D = 3,4,5,6 in which the theory is considered. The 
presence of such a -D-independent hypersector enhances the gravity "/^-symmetry of M = 4, D = 3 Z s - 
related (exceptional) supergravity from the quaternionic SU(2)h (related to the c-map of the D = 4 
vector multiplets' scalar manifold) to SU(2)h x SU(2)': 

SU(2) h — > SU(2) H x 517(2)' ~ 50(4). (3.31) 

The maximal compact subalgebra (mcs) of qconf = C8(-24) an d stto ($3^ = ^6(-26) respectively 
reads 

mcs (e 8( _24)) = e 7 (_i33) 0su(2)^; mcs (e 6( _ 26 )) = f4(-52), (3-32) 
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but the corresponding relevant maximal non-symmetric embedding must also include the su(2)' from 
the ^-independent hypersector (recall (|1.7p ): 

«7(-i33) ©so(4) ~ e 7( _ 133) ©su(2) H ©su(2)' 

= f 4 (-52) e su(2) C7 e su(2) H e su(2)' 

© 26 x 3 x 1 x 1; (3.33) 

^7(-i33) x 50 (4) ~ £ 7( _ 133) xSU(2) H xSU(2)' 

D F 4( _ 52) xSU(2) Ef xSU{2) H xSU{2)'- (3.34) 

(133,1,1) + (1,3,1) + (1,1,3) = (52, 1,1,1) + (1,3, 1,1) 

+ (26, 3, 1, 1) + (1, 1, 3, 1) + (1, 1, 1, 3) , (3.35) 

where 26 is the fundamental irrep. of F 4 (_ 52 y As mentioned, SU{2)h X SU{2)' ~ 50(4) (|3.3ip and 
SU{2)' ~ USp (2) are the ^-symmetry of M = 4, D = 3 exceptional and of its uplift to D = ^1, 
respectively. The group SU (2) E is the one commuting with i ? 4(_52) in the maximal non-symmetric 
embedding 

E 7 (-133) 3^4(- 52 ) xSU(2) Er , (3.36) 

determining (|3T5ij> - ([3T55] l. 
Clearly, it holds that 

su(2)' n e 8( _ 24) = ^su(2)' nsu(2)j = 0; su(2)'ns[(3,M) = 0; (3.37) 
su(2) e7 +su(2)^ £ *l(3,R). (3.38) 

As for the case of Z® s treated above (recall ()3.16p ). the D = 5 Ehlers Lie algebra sl(3, M) admits the 
massless spin algebra su(2)j as maximal compact subalgebra. Due to the different multiplet struc- 
ture, this latter is defined in a slightly more involved way with respect to the 3 3 "-related maximally 
super symmetric case treated above. 

The branchings corresponding to the maximal symmetric embeddings (|3.32|) read 

E 8 (-U) 3 £ 7 (-i33) x SU (2) H : 248 = (133, 1) + (1, 3) + (56, 2) ; (3.39) 
£ 6 (-26) 3 *4(-53) : 78 = 52 + 26, (3.40) 

where (56, 2) is the bi-fundamental irrep. of i£ 7 (_i 33 ) X SU (2) H , in which the generators of the rank-4 
symmetric quaternionic scalar manifold g ^jxsc/^) of J\f = 4, D = 3 exceptional supergravity sit. 

In (|3.40p . the generators of the rank-2 symmetric real special scalar manifold p^~ 2 ^ of J\f = 2, D = 5 
exceptional supergravity sit in the fundamental irrep. 26 of F^_ 52 ) ■ Thus, under (|3.33p - (|3.34p . it is 
worth considering also the following branching: 

£ 7( _ 133) x SU (2) H x SU (2)' D F 4( _ 52) x SU (2)^ x SU (2) H x SU (2)' ; 

(56,2,1) = (1,4,2,1) + (26,2,2,1). (3.41) 



Some remarks are in order. 

6 This is a unified TV = 2 theory, namely all vectors sit in an irreducible representation of the D = 5 17-duality group 
(in this case, 27 of E 6 (_ 2 6); see e.g. |4U]V 
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1. In this theory, the massless spin group SU(2)j in D = 5 can be identified with the diagonal 
SU(2) maximally and symmetrically embedded into SU (2) E x SU (2) H : 

SU(2)jC d SU(2) E7 xSU(2) H , (3.42) 

such that (|3.4ip can be completed to the following chain: 

£7+133) x SU (2) H x SU (2)' d F 4( _ 52) x SU (2) E? x SU (2) H x 5C7 (2)' 

D F 4( _ 52) x 5C7 (2) j x 5C7 (2)' ; (3.43) 

(56,2,1) = (1,4, 2,1) + (26, 2, 2,1) 

= (1,5,1) + (1,3,1) + (26, 3,1) + (26, 1,1). (3.44) 

Indeed, the decomposition (|3.43p corresponds to the massless bosonic spectrum of J\f = 2, D = 5 
exceptional supergravity (112 states[l|): 1 graviton and 1 graviphoton from the gravity multiplet, 
and 26 vectors and 26 scalars from the 26 vector multiplets. At the level of massless spectrum, 
the action of supersymmetry amounts to the following exchange of irreps.: 

£7+133) x SU (2) H x SU (2)' : (56, 2, 1) <— > (56, 1, 2). (3.45) 

B F 

Indeed, under (|3.43p . (56, 1, 2) decomposes as follows: 

(56, 1, 2) = (1, 4, 1, 2) + (26, 2, 1, 2) = (1, 4, 2) + (26, 2, 2) , (3.46) 

thus reproducing the massless fermionic spectrum of N = 2, D = 5 exceptional supergravity (112 
states): 1 SU (2)'-doublet of gravitinos, and 26 SU (2) -doublets of gauginos from the 26 vector 
multiplets. Note that, consistently, bosons are 7£-symmetry SU (2) '-singlets, whereas fermions 
fit into SU (2)'-doublets. Note how the change of the kind of octonions ( J 3 S versus J 3 ) on which 
the bosonic theory is constructed affects its supersymmetrization as well as the relevant irreps. 
and the number of resulting massless stated! : in (j3.45|) . the chiral spinor irreps. 128 and 128' of 
the maximal Clifford algebra 50(16) of (j3. 15[) are not replaced by the tri-fundamental (56, 2, 2) 
of £V(_i33) x SU (2) H x SU (2)', but rather by the bi-fundamental (56, 2) of E 7{ _ 133) x SU {2) H 
(for bosons) and by the bi-fundamental (56, 2) of E 7 ii 33 \ x SU (2) (for fermions). 

2. As for the case of Z 3 treated above, SU (2)j, which commutes with i*V_5 2 ) X SU (2)' inside 
£7+133) x SU(2) H x 517(2)' (recall (|533lt . is the Kostant "principal" SU{2) (j3TT6|) maximally 
embedded into the Ehlers group SL (3,M) group. Therefore, as for ^3 , the split form SL (3, R) 
of the Jordan-pair SU (3) maximally enhances the D = 5 massless spin group: 

SL (3, M) Ehlers n [SU (2) Er x 5*7 (2) H ] = SU (2) j . (3.47) 

3. As a consequence of the 33-related embedding in (|3.4p and of the embedding (|3.43p . the following 
(non-maximal, non-symmetric) manifold embedding holds: 

E 8(-24) £6+26) 5L(3,R) Ehlcrs 

E 7{ _ 133) xSU(2) H F 4{ _ 52) SU(2)j ■ { ■ ' 

This has the trivial interpretation of embedding of the scalar manifold of M = 2, D = 5 theory 
into the scalar manifold of the theory dimensionally reduced to D = 3 dimensions. 



7 In absence of D-independent hypermultiplets (as assumed throughout this paper for the theories with 8 local super- 
symmetries). 

8 In general, the number of massless bosonic states of the theory (in D — 3 as well as in any dimension) is given by 
the (real) dimension of the irrep. of the mcs(G%-) occurring in the Cartan decomposition of the D — 3 scalar manifold. 
In supersymmetric theories, the numbers of bosonic and fermionic states coincide. 
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4. As resulting from the above treatment, the main difference between the ^3 s and ^3 cases resides 
in the D-independent hypersector. In the former case, pertaining to maximal supergravity, such 
a sector is forbidden by supersymmetry. In the latter case, pertaining to minimal supergravity, 
such a sector must be present for physical consistency; as mentioned above, this hypersector is 
insensitive to dimensional reductions, and it is thus independent on the number D = 3, 4, 5, 6 of 
space-time dimensions in which the theory with 8 supersymmetries is defined^!. In Lorentzian 
space-time signatures (which we consider throughout this paper), it introduces a .D-independent 
SU{2)' ~ VSp{2) ^-symmetry, which enhances to 50(4) ~ SU{2) H x SU{2)' in D = 3. Note 
that SU (2)' is present also in absence of ^-independent hypermultiplets (as we assume through- 
out this paper), in which case it is promoted to a global symmetry of the theory [32]. Moreover, 
in order to analyze the massless spectrum of the theory, such a D-independent hypersector 
does not need to be specified. By confining ourselves e.g. to symmetric hypermultiplets' scalar 
manifolds, they read 

, a , (3.49) 

where H 3 x SU (2)' is the mcs of the D-independent hypersector global symmetry Q 3 . The 
coset (|3.49p is not necessarily the c-map [43] of the D = 4 special Kahler vector multiplets' 
scalar manifold, as instead is the quaternionic manifold obtained as space-like KK reduction 
from the latter manifold (this parametrizes the scalar degrees of freedom of the genuinely D = 
3 hypersector). In the 3^-related exceptional theory under consideration, the D = 4 vector 
multiplets' scalar manifold is symmetric, and so is its c-map: 

^(-25) , ^(-24) (3 _ 50) 



E 6( _ 78) xU(l) E 7( _ 133) x SU{2) H 

D=A D=3 

For completeness, we recall that the 3 S 3 (maximally supersymmetric) analogue of (|3.50p reads 

#7(7) c m ^ E m 



SU{8) 50(16)' 

D=A D=3 

where c m is the "maximal" analogue of c-map, and is the rank-7 scalar symmetric coset 

of M = 8, D = 4 maximal supergravity. 

5. In M = 2, D = 5 exceptional supergravity, (|3.25|) - (|3.27|) respectively specify to 



M 5 = Es{ - 24) (3 52^ 

M N=2,j® - USp(8)xSU(2)j' {6 - b6) 



C K=2,„ 



nc ( K=2,j® ) = din * [K^js) = 8L (3 - 54) 



Disregarding SU (2)', the result (j3.54j) can be explained by noticing that the Cartan decompo- 
sition pertaining to M^._^ j0 is given by further branching ()3.35p with respect to (j3.42p : 

^7(-l33) x SU (2) H D F 4( _ 52) x SU (2) E7 x SU (2) H D d F 4( _ 52) x SU(2) j (3.55) 
(133,1) + (1,3) 

= (52, 1, 1) + (1, 3, 1) + (26, 3, 1) + (1, 1, 3) , (3.56) 
= (52,1) + (1,3) + (26, 3) + (1,3), 



3 We recall that the geometry of the hyperscalars in supergravity is quaternionic (and thus Einstein); see e.g. [41] . 
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which thus yields that the generators of M^-_ 2 jo fit into the sum of irreps. (26, 3) + (1, 3) of 
i ? 4 (_52) x SU(2)j, of total real dimension 81. Note that this is the same dimension obtained 
in the case of J^ s , but with a different covariant decomposition.; in particular, the presence 
of the i ? 4(_52)-singlet (1,3) (graviphoton) is related to the fact that the theory has 8 local 
supersymmetries. 



4 q = 4,3f "Twin" Theories 



As evident from the treatment above, the presence or absence of a L>-independent hypersector is 
implied by the physical (supergravity) interpretation of the model under consideration. From a group 
theoretical perspective, of course one could have added an extra SU(2)' also in the treatment of Z^ s , 
or disregarded the /^-independent hypersector in the treatment of ^3 • However, in both cases one 
would have failed to reproduce the massless spectrum of the corresponding supergravity theory. 

In some special cases, dubbed "(bosonic) twin" theories, the D-independent hypersector can or 
cannot be considered, and in both instances the resulting supergravity theory (of course with different 
number of local supersymmetries) is physically meaningful. Indeed, "twin" theories share the very 
same bosonic sector, which is however supersymmetrized in (at least) two different ways [add Refs. 
on twin-theories] . 

A nice example of "twin" theories is provided by the q = 4 case of ^f 1 (see also e.g. [4"4"1 l4"5lli"6| |4"7]) 
which we will now analyze. 

From (|2.7p and Table 1, q = 4 corresponds to 



C7(-133) = su (3) su (6) 3 x 15 © 3 x 15, 



or, at compact group level: 



£ 7( _i33) ^ SU(3)xSU(6); _ 

133 = (8,1) + (1,35) + (3,15) + (3, 15), 

where 15 is the rank-2 antisymmetric irrep. of SU (6). 

By confining ourselves to Euclidean rank-3 simple Jordan algebras, two possibility arise: 

c 7( _ 5) = si (3, K) su* (6) © 3 x 15' © 3' x 15, 
E 7{ _ 5) D SL (3,R) x SU* (6); 
e 7{7) = si (3, M) © si (6, R) © 3 x 15' © 3' x 15, 
E 7{7) D SL (3, M) x SL (3, M) . 
As mentioned, we will here consider the case 3^, relevant for "(bosonic) twin" theories. 



(4.1) 



(4.2) 
(4.3) 



(4.4) 



4.1 24 Supersymmetries 

Let us start by considering the physical interpretation of the ^-related model as theory with 24 local 
supersymmetries; namely, in the framework under consideration, J\f = 6, D = 5 supergravity and its 
dimensional reduction (AT = 12) to D = 3 dimensions. They are "pure" theories : no matter coupling 
is allowed. 

The mcs of qconf (-jf) = (71-5) and stto (-jf) = su* (6) respectively reads 

mcs (e 7 (_ 5 )) = so (12) ©su(2)(m; mcs (su* (6)) = usp (6) , (4.5) 
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and the corresponding relevant maximal non-symmetric embedding is 

so (12) 0su(2) (H) = usp (6) esu(2) so(12) 03 x 14 © su(2) (H) ; (4.6) 
SO (12) xSU (2) {H) D USp(6)xSU(2) S o {1 2)xSU(2) {H) ; (4.7) 
(66,1) + (1,3) = (21, 1,1) + (1,3,1) + (14, 3,1) + (1,1, 3), (4.8) 

where 14 is the rank-2 antisymmetric skew-traceless irrep. of USp (6). Note that SO (12) x SU(2)/h\ 
and U Sp (6) are the 7£-symmetry of JV = 12, D = 3 and of TV = 6, D = 5 "pure" supergravity, 
respectively. Here, the subscript "(J?)" denotes the fact that SU(2)r H \ actually is the quaternionic 
SU(2) in the physical interpretation pertaining to 8 local supersymmetries (see below). For later 
convenience, by SU(2)g M 2 \ we denote the group commuting with USp (6) in the maximal non- 
symmetric embedding 

SO(12)DUSp(6)xSU(2) so{12) , (4.9) 

determining (|4.7|) . 

On the other hand, the branchings corresponding to the maximal symmetric embeddings (j4.5[) read 

£ 7( _ 5) D SO (12) x SU(2\ H) : 133 = (66,1) + (1,3) + (32', 2) , (4.10) 
SET (6) D E/£p (6) : 35 = 21 + 14, (4.11) 

where 32' is one of the two chiral spinor irreps. of SO (12). The generators of the rank-4 quaternionic 
Kahler symmetric scalar manifold so(ifyxSU(2)( H) of TV = 12, L> = 3 supergravity sit in the (32', 2). 

On the other hand, the generators of the rank-2 real special symmetric scalar manifold f^J^ of 
TV = 6, D = 5 supergravity sit in the 14 of USp(6). Thus, under (|4.6p - (|4.7p . it is worth considering 
also the following branchings: 

SO (12) x SU(2) (H) D USp(6)xSU(2) so{12) xSU(2) iH y, (4.12) 

(12.1) = (6,2,1); 

(32.2) = (14', 1,2) + (6,3,2); 
(32', 2) = (14, 2, 2) + (1,4, 2); 

where 14' is the rank-3 antisymmetric skew-traceless irrep. of USp(6), and 32 is the other chiral 
spinor irrep. of SO (12), conjugate to 32'. 

Some remarks are in order. 

1. Branching (|4.6f) (or (|4.12p ) is consistent with the identification of the massless D = 5 spin group 
with the diagonal SU(2) embedded into SU(2) SO (i2) X SU(2)^ H y. 

SU(2)jC d SU(2) so{12) xSU(2) {H) . (4.13) 

Thus, (|4.6p (or (|4.12p ) can be completed to the following chain: 

SO (12) x SU(2) (H) d USp (6) x SU(2) so(12) x SU(2) {H) D USp (6) x SU (2) j ; 

(4.14) 

(66,1) + (1,3) = (21,1,1) + (1,3,1) + (14,3,1) + (1,1,3) 

= (21,1) + (1,3) + (14 + 1,3); (4.15) 
(32,2) = (14', 1, 2) + (6,3,2) = (14', 2) + (6, 4) + (6, 2); (4.16) 
(32', 2) = (14, 2, 2) + (1,4, 2) = (14, 3) + (14,1) + (1,5) + (1,3). (4.17) 

Note that the (3q + 3) g=4 = 15-dimensional rep. of USp (6) is reducible as 14 + 1; as recently 
discussed e.g. in [10], this is a peculiarity of the TV = 6 theory, and allows for a different ("twin") 
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supersymmetrization with only 8 local supersymmetries (see below). The decomposition (j4.16j) 
corresponds to the massless fermionic spectrum of J\f = 6, D = 5 supergravity (64 states): 14 +6 
spin 1/2 fermions, and 6 gravitinos. On the other hand, the decomposition ()4.17f) corresponds to 
the massless bosonic spectrum (64 states): 1 graviton, 14 + 1 graviphotons, and 14 scalar fields. 
Thus, at the level of massless spectrum, the action of supersymmetry amounts to the following 
exchange of irreps.: 

SO (12) x SU{2) {H) : (32,2) <— > (32', 2). (4.18) 

F B 

2. As for the cases of and treated above, and as holding true in general, SU (2) j, which 
commutes with USp(6) inside SO (12) x SU(2)r H \ (recall (|4.14j) . is the Kostant "principal" 
SU{2) (13+61) into the D = 5 Ehlers SL(3,M): 

SL (3, M) Ehlcrs n [SU (2) 5G(12) x SU(2) (H) ] = SU (2)j . (4.19) 

3. As a consequence of the ^-related embedding in (|4.4p and of the embedding (|4.6p . the following 
(non-maximal, non-symmetric) manifold embedding holds: 

E 7(-5) ^ SU* (6) ^ SL(3,M) Ehlers 



SO (12) xSU(2) (H) USp(6) SU(2)j ' 1 ' 

As above, this has the trivial interpretation of embedding of the scalar manifold of M = 6, D = 5 
theory into the scalar manifold of the corresponding theory reduced to D = 3. 

4. Decompositions (|4.16p and (|4,17p of (32, 2) and its conjugate (32', 2) under the first embedding 
of (|4.14p . which are consistent with the space-time spin-statistics, are not the usual ones, as 
reported e.g. in [M] and [35]. In fact, the first embedding of (|4.14p is nothing but the case n = 3 
of the embedding pattern discussed at point 4 of Subsec. 13.11 In particular, the case n = 3 of 
(|3.19p splits into a "standard" embedding (as e.g. reported in [M] and in [55]) pertains to, say, 
USp(6) + , and it reads 

SO (12) D S^(2) 50(12) xC/Sp(6) + ; (4.21) 
32 = (2, 14) + (4,1); (4.22) 
32' = (1,14') + (3,6), (4.23) 

as well as into a "non-standard" embedding, pertaining to USp(6)_, which is indeed given 
by the first step of ()4.14p and (|4.16p - (|4.17p . It is immediate to realize that the role of the 
conjugate semi-spinor irreps. 32 and 32' of SO(12) is interchanged in the "standard" and "non- 
standard" embeddings, or equivalently, when decomposed with respect to the maximal (singular) 
subalgebras USp(6) + and USp(Q)_. 

5. In J\f = 6, D = 5 supergravity, (|3.25p - (|3.27p respectively specify to 

M ^ 6 ^ SUHV xT L %,R) Ehle J (424) 
^5 SO (12) xSU(2) h _ 

M "= 6 = USp(6) x SU (2) j ' {425) 



c (M& =6 ) = nc (M& =6 ) = dim M (M^ =6 j = 45. (4.26) 
The result (|4.26p has been explained in [10] in terms of the Cartan decomposition of Mj^ =6 . 
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4.2 8 Supersymmetries 



Let us proceed to considering the physical interpretation of the ^3 -related bosonic model as bosonic 
sector of a minimal supergravity theory (8 local supersymmetries); in the framework under considera- 
tion, involving Jordan pairs, this corresponds to N = 2, D = 5 quaternionic magical Maxwell-Einstein 
supergravitM 10 ! |2j, and its dimensional reduction to D = 3. Matter coupling is allowed through two 
types of multiplets, namely vector and hyper multiplets. 

A crucial difference with the case pertaining to 24 supersymmetries treated in previous Subsection 
is the presence of an hypermultiplet sector which is independent on the dimension D = 3, 4, 5, 6 in 
which the quarter-minimal theory is considered. Such a D-independent hypersector enhances the 1Z- 
symmetry of N = 4, D = 3 magical quaternionic supergravity from the quaternionic SU(2)h (related 
to the c-map of the D = 4 vector multiplets' scalar manifold) to SU(2)h x SU(2)', as given by (|3.3ip . 

Therefore, the corresponding relevant maximal non-symmetric embedding must include the su(2)' 
algebra from the -D-independent hypersector, also when hypermultiplets are actually absent (in this 
case, su(2)' is a global symmetry): 

so (12) so (4) ~ so (12) 0su(2) H 0su(2)' 

= usp(6) esu(2) so(12) 03 x 140su(2) (H) 0su(2)'; (4.27) 



SO (12) x 50(4) ~ SO (12) x SU(2) H x SU(2)' 

D USp(Q) x SU{2) so{12) x SU(2) H x SU{2)'; (4.28) 

(66, 1,1) + (1,3,1) + (1,1, 3) = (21, 1,1,1) + (1,3, 1,1) 

+ (14, 3, 1, 1) + (1, 1, 3, 1) + (1, 1, 1, 3) . (4.29) 

As mentioned, SU(2) H x SU{2)' ~ 50(4) §M) and SU{2)' ~ USp{2) are the ^-symmetry of 
the magical quaternionic theory in D = 3 and D = 5, respectively. SO (12) and USp(6) are to be 
interpreted as the corresponding Clifford vacuum symmetry in D = 3 and D = 5, encoding the further 
degeneracy due matter vector multiplets. 
It holds that 

su(2)' n e 7( _ 5) = =>su(2)'nsu(2)j = 0; su(2)' n*I(3,R) = 0; (4.30) 
su(2) S0(12) esu(2) H £ sl(3,M). (4.31) 



The D = 5 Ehlers Lie algebra sl(3,M) admits the massless spin algebra su(2)j as maximal compact 
subalgebra. 

Clearly, the branchings (|4.10p and (|4.1ip hold in this case, as well; however, now $ o (12) ><~su (2) H ' 
whose generators sit into the (32', 2) of 50(12) x SU(2)h, pertains to the bosonic sector of N = 4, 
D = 3 O^-related magical supergravity. Analogously, is now to be considered as the rank-2 real 

special symmetric scalar manifold of the corresponding magical Maxwell-Einstein theory in D = 5. 

Thus, under (|3.33p - (|3.34p . it is worth considering also the following branching: 

E 7{ _ 133) x SU (2) H x SU (2)' D F 4( _ 52) x SU (2)^ x SU (2) H x SU (2)' ; 

(56,2,1) = (1,4, 2,1) + (26, 2, 2,1). (4.32) 

As within the supersymmetrization with 24 local supersymmetries, also in this case the massless 
D = 5 spin group can be identified with the diagonal SU(2) into SU(2)g (i2) x SU(2)h, as given by 



""This is a unified M — 2 theory : all vectors sit in the 15 irrep. of St/* (6). 
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(I4.13p . Thus, (j4.28p can be completed to the following chain: 

SO (12) x 50(4) ~ SO (12) x SU(2) H x SU(2)' 

D USp (6) x SU (2) so(12) x SU{2) H x 5*7(2)' 

D USp(6)xSU{2)jxSU(2)'; (4.33) 
(66, 1,1) + (1,3,1) + (1,1, 3) = (21, 1,1,1) + (1,3, 1,1) 

+ (14, 3, 1,1) + (1,1, 3,1) + (1,1, 1,3) 

= (21,1,1) + (1,3,1) + (14 + 1,3,1) + (1,1,3); (4.34) 

(32',2,1) = (14, 2, 2,1) + (1,4, 2,1) 

= (14, 3,1) + (14, 1,1) + (1,5,1) + (1,3,1). (4.35) 

The decomposition (|4.35p corresponds to the massless bosonic spectrum of Af = 2, D = 5 magical 
quaternionic supergravity : consistent with the fact that this theory is the "bosonic twin" of the Af = 6, 
D = 5 "pure" supergravity, they share the very same bosonic spectrum (64 states): 1 graviton, 14 + 1 
vectors (in the Af = 2 case, this splitting distinguishes between the graviphoton and the 14 vectors 
from the vector multiplets), and 14 real scalar fields (in the Af = 2 case, all belonging to the 14 vector 
multiplets). Such states fit into 

TV = 6 (24 susys) : (32', 2) of SO (12) x SU(2) (H) ; (4.36) 
Af = 2 (8 susys) : (32', 2, l) of SO (12) x 50(4) ~ SO (12) x SU(2) H x SU{2)'. (4.37) 

However, the two theories have different fermionic sector; thus, consistently, the massless fermionic 
spectrum of Af = 2, D = 5 magical quaternionic supergravity is not given by (32, 2, 1), but rather by 
(32', 1, 2), of SO (12) x SU(2) H x SU{2)'. Indeed, under (OH]) , such an irrep. decomposes as follows: 

(32', 1, 2) = (14, 2, 1, 2) + (1, 4, 1, 2) = (14, 2, 2) + (1, 4, 2) , (4.38) 

thus corresponding to 14 5£7(2)'-doublets of gauginos (from the 14 vector multiplets), and 1 SU{2)'- 
doublet of gravitinos. Thus, at the level of massless spectrum, in the minimal interpretation the action 
of supersymmetry amounts to the following exchange of irrepsl^l: 

50(12) x SU(2) H x 5*7(2)' : (32', 1,2) < — ► (32',2,l), (4.39) 

F B 

to be contrasted with its analogue (|4.18p . holding in presence of 24 local supersymmetries. Note that, 
consistently, bosons are 7£-symmetry SU (2) '-singlets, whereas fermions fit into SU (2)'-doublets. 

Mutatis mutandis, the very same considerations made in Subsec. 14.11 (in particular, the ones at 
points 4 and 5 therein) also hold in this case. Due to the 8-supersymmetries interpretation, from the 
remarks made at point 4 of Subsec. 13.21 the D = 3 manifold so(i2)xSU(2) H can nere ^ e re g ar ded as 



(4.40) 



the following c-map image 

SO* (12) c E 7{ _ 5) 



SU(6) x 17(1) 50(12) x SU{2) H 

D=A D=4 



where the coset on the l.h.s. is the symmetric rank-3 special Kahler vector multiplets' scalar manifold 
of the magical Af = 2, D = 4 quaternionic supergravity. 



1 Consistently with the branching properties 

SO(12) D USp(6) x SU{2) SO (x2), 
32 = (6,3) + (l4',l), 

the irrep. (32, 2, 1) of SO (12) x SU(2)h x SU(2)' does not occur as (massless) bosonic or fermionic representation in 
the D — 5 theory. 
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5 Simple Jordan Pair Embeddings 



In the present Section, we list and briefly analyze the relevant non-compact real forms (|2.5p of the 
compact Jordan pair embeddings (|2.7p (listed in Table 1) [9] pertaining to simple Euclidean rank-3 
Jordan algebras. 

We will thus briefly reconsider the cases q = 8 3® s and $ 3 , and q = 4 (recall Footnote 1 for the 
cases q = — 1 and q = —4/3), but we will not mention the peculiar (non-simple but triality-symmetric) 
case q = (J3 = E © E © M), which deserves a separate treatment, given in Subsubsec. 16.1.11 

5.1 q = 8 

• ^3 (qconf (^3) = e 8( _ 24 ); str (cj) = c 6( _ 2 6) ~s[(3,0)): 



e§(-24) = s[(3,M) ffie 6( _ 26) ©3 x 27©3' x 27'; (5.1) 

£ 8( _ 24) d SX(3,E) x£ 6( _ 26) ; (5.2) 

248 = (8,1) + (1,78) + (3, 27) + (3', 27'); (5.3) 

^3 : ^6(-26) 3 ^(-52) : 27 = 26 + 1. (5.4) 



In (|5.4p . 27 and 26 respectively are the fundamental irreps. of i?6(-26) an d of its maximal 
compact subgroup F 4 (_ 52 )- Physical (supergravity) interpretation : minimal theory (8 super- 
symmetries, with ^-independent hypersector). See Subsec. 13.21 

. 33 s (qconf (33 s ) = e 8{8) ; str (o^) = e 6(6) ~ sl(3, O s )): 



e 8(8) = sl(3,E) ffie 6(6) ©3 x 27 ©3' x 27'; (5.5) 

E 8{8) D SL(3,R)xE m ; (5.6) 

248 = (8,1) + (1,78) + (3, 27) + (3', 27'); (5.7) 

^3 S = E m DUSp(8):27 = 27. (5.8) 



In ()5.8p . 27 is the fundamental irrep. of Eq^, which becomes the rank-2 antisymmetric skew- 
traceless irrep. of its maximal compact subgroup USp(8). Physical (supergravity) interpretation 
: maximal theory (32 super symmetries, without D-independent hypersector). See Subsec. 13.11 

5.2 g = 4 

• 3g (qconf (33) = e7(_5); str (Zf) = su* (6) ~ sl(3,H); 14 is the rank-2 antisymmetric skew- 
traceless of USp(6)): 



e 7( _ 5) = s[(3,M) ffisu* (6) ©3 x 15' ©3' x 15; (5.9) 

E 7{ _ 5) d SL{3,R) x SET* (6); (5.10) 

133 = (8,1) + (1,35) + (3, 15') + (3', 15); (5.11) 

3? : SU* (6) D USp(6) : 15' = 14 + 1. (5.12) 



In (|5.12p . 15' and 14 respectively are the (contravariant) rank-2 antisymmetric irrep. of SU* (6) 
and the rank-2 antisymmetric skew-traceless irrep. of its maximal compact subgroup USp(6). 
Physical (supergravity) interpretation : either minimal theory (8 super symmetries, with D- 
independent hypersector), or "pure" theory with 24 supersymmetries (without D-independent 
hypersector) : this is indeed example of a pair of "(bosonic) twin" theories; see Sec. HI 
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3f (qconf hf s ) = e 7(7) = conf (0® a ); str (Of s ) = st(6,R) - st(3,H s )): 



e 7(7) = s[(3,M) ©s[(6,l) 3 x 15' 3' x 15; (5.13) 

#7 {7) D 5L(3,M) x 5L(6,M); (5.14) 

133 = (8, 1) + (1,35) + (3, 15') + (3', 15); (5.15) 

0g s : 5L(6,M) D SO (6) : 15' = 15. (5.16) 

In (|5.16p . 15' is the (contravariant) rank-2 antisymmetric of SL(6,M), which becomes the adjoint 
of its maximal compact subgroup SO(6) ~ SU(4). Physical interpretation : non-supersymmetric 
theory (^-independent hypersector irrelevant); in fact, £7(7) can be the global symmetry of a 
non-linear scalar sigma model coupled to gravity in D = 3 dimensions (see e.g. |48j). 

3 q = 2 

• ^ (qconf ($) = e 6(2) ;str ($) =sl(3,C)): 

ee(2) = s!(3,R) ©s[(3,C) ©3 x (3,3) ©3' x (3,3) ; (5.17) 

# 6(2) D SX(3,R) x SL(3,C); (5.18) 

78 = (8, 1,1) + (1,8,1) + (1,1, 8) + (3, 3,3) + (3' ,3, 3); (5.19) 

Of : 5L(3, C) D Sf7(3) : (3,3) =8 + 1. (5.20) 

Physical (supergravity) interpretation : minimal theory (8 super symmetries, with -D-independent 
hypersector). It is worth recalling here that, from the theory of extremal black hole attractors, 
another maximal non-symmetric embedding is known (see e.g. App. of [49|): 

E m D SU(2, 1) x SU(2, 1) x SU(2, 1). (5.21) 
. Of' (qconf (of a ) = e 6(6) = str h® s ); str (of*) = sI(3,R) ©sl(3,M) ~ sl(3,C s )): 



e 6(6) = S [(3,IR)ffis[(3,]R)/©s[(3,M)77ffi3 x (3,3') ©3' x (3',3) ; (5.22) 

# 6(6) D SL(3,M) x 5L(3,R)/ x SL(3,R) n ; (5.23) 

78 = (8, 1,1) + (1,8,1) + (1,1, 8) + (3, 3, 3') + (3', 3', 3); (5.24) 

Of* : 5L(3,R)j x SL(3,R) n D 50(3) x 50(3) : (3,3') = (3,3) . (5.25) 

Note that (|5.24p does not give rise to a triality-symmetric decomposition. Moreover, (|5.25|) is a 
(double) maximal symmetric principal embedding, of the same kind of the maximal enhancement 
of the D = 5 spin group SU(2)j into SL(3, M)Ehiers (cfr. e.g. (|3.16|) ). Physical interpretation 
: non-supersymmetric theory (/^-independent hypersector irrelevant); in fact, #6(6) can be a 
global symmetry of a non-linear scalar sigma model coupled to D = 3 gravity (see e.g. [48J). 

4 q = l 

. Of (qconf (Of) = f 4(4 ); stt (3f) = sl(3,R)): 

f 4 ( 4 ) = st (3, R) © s[ (3, R)j © 3 x 6' © 3' x 6; (5.26) 

#4(4) ^ 5L(3,M) x SX(3,R)j; (5.27) 

52 = (8,1) + (1,8) + (3,6') + (3',6) ; (5.28) 

Of : 5L(3,R)/ D 50(3) : 6' = 5 + 1. (5.29) 
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In (|5.29p . 6' is the (contravariant) rank-2 symmetric of SL(3, K)j. As for ^ 3 S , (|5.29p is a 
maximal symmetric principal embedding, of the same kind of the maximal enhancement of the 
D = 5 massless spin group SU(2)j into SL(3, M)Ehiers (c/r. e.g. (|3.16|) ) . Physical (supergravity) 
interpretation : minimal theory (8 supersymmetries, with D-independent hypersector). It is 
worth recalling here that, from the theory of attractors in D = 5, ^3 -related magical supergravity, 
another maximal non-symmetric embedding is known (see e.g. App. of [49]): 

F m D SU{2, 1) x SU(2, 1). (5.30) 

5.5 q = -2/3 

• M. (qconf (M) = 02(2); stto (R) = 0, and thus no non-trivial Jordan algebra representation): 

g 2(2) = s[(3,M)e3 3 / ; (5.31) 

G 2{2) D 5L(3,M); (5.32) 

14 = 8 + 3 + 3'; (5.33) 

R : Id : 1 = 1. (5.34) 

For more on the maximal non-symmetric embedding (|5.32p - (|5.33p . see e.g. App. [33] . and Refs. 
therein, as well as [TO]). Physical (supergravity) interpretation : minimal theory (8 supersym- 
metries, with D-independent hypersector), named T 3 model in D = 4. It is worth recalling here 
that, from the theory of c-map in supergravity (namely, from the universal hypermultiplet as 
c-map of "pure" J\f = 2, D = 4 supergravity |43j), another maximal non-symmetric embedding 
is known: 

G 2(2) D SU {2,1). (5.35) 
6 Jordan Pairs : the Semi-Simple Case 

We are now going to extend the treatment of Jordan pair embeddings, introduced in Sec. [2] for 
simple rank-3 Euclidean Jordan algebras, to semi-simple rank-3 Euclidean Jordan algebras, having 
the following structure [15] : 

j^ERer^, (6.1) 

where r m „i )ri ,_i is the simple rank-2 Euclidean Jordan algebra given by the Clifford algebra of 
O (m — 1, n — 1), with 

stx (r m _i jn _i) = so (m - 1, n - 1) . (6.2) 
The relevant cases for supergravity corresponds to: 

• m = 2, pertaining to an infinite sequence of models with 8 local supersymmetries (coupled to n 
vector multiplets, namely 1 dilatonic and n — 1 non-dilatonic vector multiplets, in D = 5), based 
on 

8 susys :^3 n = Mer ljn _i; (6.3) 

• m = 6, pertaining to half-maximal supergravity (16 supersymmetries), coupled to n — 1 matter 
(vector) multiplets in D = 5, based on 

16 susys : f 3 ' n = R® r 5>n _i. (6.4) 

In general, it holds that 

£(3™'™) = qconf (3™'") = so (m + 2, n + 2) ; (6.5) 
conKO^' 71 ) = aut($0™' n )) =s[(2,M) so (m,n); (6.6) 
sttoQ™'™) = so(l,l) 0so(m- l,n- 1) =so(l,l) 0str o (r m _i in _i), (6.7) 
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where $ (3™' n ) denotes the Freudenthal triple system constructed over 3™' n (see e.g. [201 ED]) and 
Refs. therein). 

Furthermore, for f)6. lj) one can define an "effective" parameter q e ff (m,n) as follows: 

m + n — 4 

3q e ff (m,n)+4 = m + n<3- q eff (m,n) = , (6.8) 

such that the "effective" dimension of $™' n relevant for the semi-simple generalization of the Jordan 
pair embeddings (|2.5p and (j2.7j) reads 

Sq e ff (m, n) + 3 = m + n — 1. (6-9) 

In the following treatment, we will focus on the aforementioned cases m = 2 and m = 6, relevant 
for supergravity (a general treatment for (|6.ip can be given by a straightforward generalization^!) . 

6.1 f 3 ' n = r e r w 

An important difference between the simple Jordan algebras treated in Sees. [2HS]and the semi-simple 
Jordan algebras (|6.ip is the fact that sl(3,M) ffistto (3^' n ) is not maximally embedded into £(3™' n ), 
but rather it can be embedded by a two-step chain of maximal symmetric embeddings. 
In the case m = 2 under consideration, this chain reads as follows (so(3, 3) ~ sZ(4, R)): 

so(4,n + 2) D so(3,3) ©so(l,n - 1) © 6 x n 

D s[(3,M) ffiso(l,n- 1) ffiso(l,l) ©3 x (n 2 + 1_ 4 ) ©3' x (n_ 2 + 1 4 ) , (6.10) 

or, at group level: 

50(4, n + 2) d 50(3,3) x 50(1, n- 1) 

D 5L(3,M) x 50(1, n- 1) x 50(1,1); (6.11) 



Ad jsO(4,n+2) = Ad J50(3,3) + Ad JsO(l,n-l) + (6, n) 

= Ad J5L(3,M) + Ad JSO(l,l) + Ad J50(l,n-l) 

+ (3,n 2 + l_ 4 ) + (3',n_2 + l 4 ) , (6.12) 

where the subscripts denote 50(1, l)-weights. 

Note that, according to (|6.8p and (|6.9p . the "effective" dimension of is n + 1, and the corre- 
sponding representation is reducible with respect to Str^ ^'"J = 50(1, 1) x SO(l,n — 1), as given 
by (jgH : 

n + l = n 2 + l_ 4 . (6.13) 

Thus, the "-related N = 2 theory in D = 5 is noi unified |40| : this is another difference with respect 
to simple Jordan algebras, in which ^3 fits into an irreducible representation of Stro (^3) itself, and 
therefore the corresponding D = 5 theory is unified. In (|6.13p (modulo redefinitions of the 50(1, 1) 
weights) , n 2 corresponds to the graviphoton and the n — 1 matter vectors (respectively with positive 
and negative signature in 50(l,n — 1)), whereas 1_ 4 pertains to the vector from the dilatonic vector 
multiplet. 

The second line of (|6.10p provides the extension of (|2.5p to $3'" (|6.3p . Its compact counterpart 
(which extends (|2.7p . and thus the results of [9]) reads 

5o(n + 6) D so(6) 0so(n) © 6 x n 

D su(3) ©so(n) 0u(l) 3 x (n 2 + 1_ 4 ) © 3 x (n_ 2 + 1 4 ) , (6.14) 

12 It is easily realized that 3™'™ ~ 33'™ as vector space isomorphism. Actually, for (m,n) — (2,6), this entails a pair 
of "(bosonic) twin" theories, whose treatment in D — 5 in terms of Jordan pairs is given in Sec. [7] 
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with subscripts here denoting [/"(l)-charges (so (6) ~ su(4)). (Suitable real, non-compact forms of) 
orthogonal Lie algebras can be characterized as quasi-conformal algebras of suitable semi-simple Eu- 
clidean Jordan algebras of rank 3 [50J . 

At group level, the algebraic decompositions ()6.10j) and (|6.14p respectively correspond to the second 
line of (|6.1ip . which can be summarized by the non-maximal non-symmetric embedding 

QConf ^3 ,n ) D SL (3, M) x Str fe n ) , (6.15) 

and by its compact counterpart: 

SO {n + 6) D SU(3) x SO(n) QConf c ff 3 ' n ) D SU (3) x Str , c fe n ) • (6.16) 



As mentioned, is related to minimal supergravity (8 supersymmetries) : therefore, matter 
coupling is allowed, in terms of two types of matter multiplets, namely vector and hyper multiplets, 
and a D-independent hypermultiplet sector must be considered. 

The mcs of qconf ^'"J = so (4, n + 2) and stro {z^j = so(l, 1) ©so (1, n — 1) respectively reacf^l 

mcs (so (4, n + 2)) = so(n + 2) © so(4) ~ so(n + 2) © su(2) © su(2)#; (6.17) 
mcs (so(l,l) ffiso(l,n- 1)) = so (n - 1) , (6.18) 

corresponding to the following maximal symmetric embeddings at group level: 

SO(4,n + 2) D SO{n + 2) x SO{A) ~ SO{n + 2) x SU{2) x SU(2) H ; (6.19) 

Ad JSO(4,n+2) = Ad JsO(n+2) + Ad JsO(4) + ( n + 2 > 4 ) 

= Adj 50(n+2) + Adj 5C/{2) +Adj 5C/(2)H + (n + 2,2,2); (6.20) 

SO(l,l) x SO(l,n- 1) D SO(n-l); (6.21) 
1 + Adj 5O(1)n _ 1)i0 = 1 + Adj 50(n _ 1} + (n - 1) . (6.22) 

However, the relevant maximal embedding must include the su(2)' algebra from the L>-independent 
hypersector, as well: 

so(n + 2) ffiso(4) ffisu(2)' ~ so(n + 2) © su(2) © su(2) H © su(2)' 

= so(n - 1) © su(2) so{n+2) © su(2) © su{2) H © su(2)' 

©(n-l)x3xlxlxl; (6.23) 

SO(n + 2) x SO(A) x SU(2)' ~ SO(n + 2) x SU{2) x SU(2) H x 5i7(2)' 

D SO(n-l)xSU(2) so(n+2) 

xSU(2) x SU{2) H x SU(2)'; (6.24) 

Ad jsO(n+2) + Adj SO ( 4 ) + Adj s[/ (2)' = Ad J50(n+2) + Ad JS(7(2) + Ad js[/(2) H + Ad j,S[/(2)' 

= Ad J50(n-l) + Ad j5C/(2) so(n+2) 

+ Ad iSU(2) + Ad isU(2) H + Ad W(2)' 

+(n- 1,3, 1,1,1). (6.25) 

13 The presence of an "extra" commuting SU(2) in (|6.17|l and (|6.19|) can ultimately be traced back to the fact that for 
m = 2 SO(rn + 2) = 50(4) ~ 577(2) x SU(2) H . 
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By 5*7 (2) > 5o( n+ 2)' we here denote the group commuting with SO(n — 1) in the maximal symmetric 
embedding 

50(n + 2) D 50(n - 1) x 50(3) ~ 50(n - 1) x 5*7(2) so(n+2) , (6.26) 

determining (|6.23p . Note that, differently from its analogue for simple rank-3 Euclidean Jordan 
algebras, the maximal embedding (|6.23p - (|6,24p is symmetric. 

Moreover, it is worth pointing out that the "/^.-symmetry of M = 4, D = 3 ^'"-related supergravity 
is consistently enhanced from the quaternionic 5*7(2)// (related to the c-map |43] of the D = 4 
vector multiplets' scalar manifold) to 5*7(2)// x 5*7(2)', as given by (|3.3ip . On the other hand, 
5*7 (2)' ~ USp (2) is the 7£-symmetry of the corresponding D = 5 (Af = 2) uplift of the theory. 

Clearly, it holds that 

su(2)'nso(4,n + 2) = su(2)' n su(2) j = 0; su(2)' n st(3, R) = 0; (6.27) 
su(2) so(n+2) 0su(2) // % s[(3,R), (6.28) 

where, as in general, the D = 5 Ehlers Lie algebra s[(3,K) admits the massless spin algebra su(2)j as 
maximal compact subalgebra. 

From the embedding (|6.17p . (|6.19|) and (|6.20p . (n + 2, 2, 2) is the tri-fundamental irrep. of SO(n-\- 
2) x SU{2) x SU(2)h, in which the generators of the rank-4 symmetric quaternionic scalar manifold 
so(n+2)^su(^)xSU(2) H of A/" = 4, D = 3 ^'"-related supergravity sit. Furthermore, from the the 
embedding (|6.18p . ()6.2ip and (|6.22p . 1 + (n — 1) is the (singlet + fundamental) irrep. of SO{n — 1), 
in which the generators of the rank-2 symmetric real special scalar manifold 5*0(1, 1) x so(n—i) 

of 

the corresponding theory in D = 5 sit. Thus, under (|6.23p - (|6.24|) . it is worth considering also the 
following branching: 

SO{n + 2) x 50(4) x SU(2)' D SO(n - 1) x SU (2) 50(n+2) x SU{2) x SU{2) H x SU(2)'; 

(n + 2,2,2,1) = (n- 1,1, 2, 2,1) + (1,3, 2, 2,1). (6.29) 



Some remarks are in order. 

1. Differently from the treatment of simple rank-3 Euclidean Jordan algebras, in order to identify 
the D = 5 massless spin group SU(2)j, a two-step procedure is to be performed: 1.1] one 
introduces the diagonal 577(2)/ into 577(2) x SU(2) H : 

SU(2)jC d SU(2)xSU(2) H , (6.30) 

such that (|6.29p can be completed to the following chain: 

SO{n + 2) x 50(4) x SU{2)' D SO(n - 1) x SU (2) 50(n+2) x 5*7(2) x 5*7(2) H x SU{2)' 

D SO(n - 1) x 5*7 (2) 5G(n+2) x 5*7(2)/ x 5*7(2)'; (6.31) 

(n + 2,2,2,1) = (n- 1,1, 2, 2,1) + (1,3, 2, 2,1) 

= (n-l,l,3,l) + (n-l,l,l,l) + (l,3,3,l) + (l,3,l,l). 

(6.32) 

1.2] Then, SU(2)j is identified with the diagonal 5*7(2)// into 5*7 (2) 50(n+2) x 5*7 (2) 7 : 

SU(2)j = SU (2) n c d SU (2) 50(n+2) x SU (2) I . (6.33) 
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Indeed, the chain (|6.3ip - (|6.32p can be further completed as follows: 
SO(n + 2) x 50(4) x SU(2)' D SO(n - 1) x SU (2) 50(n+2) x SU(2) x SU{2) H x SU{2)' 

D SO(n -l)xSU (2) 50(n+2) x SU(2)j x SU(2)' 
D SO{n - 1) x SU {2) j x SU(2)'; (6.34) 

(n + 2,2,2,1) = (n- 1,1, 2, 2,1) + (1,3, 2, 2,1) 

= (n - 1, 1, 3, 1) + (n - 1, 1, 1, 1) + (1, 3, 3, 1) + (1, 3, 1, 1) 
= (n- 1,3,1) + (n- 1,1,1) 

+ (1, 5, 1) + (1, 3, 1) + (1, 1, 1) + (1, 3, 1) . (6.35) 

The decomposition (|6.35|) corresponds to the massless bosonic spectrum of A/* = 2, D = 5 -Un- 
related supergravity (4 (n + 2) states): 1 graviton and 1 graviphoton (from the gravity multiplet), 
1 dilatonic vector and 1 dilaton (from the dilatonic vector multiplet), and n — 1 vectors and n — 1 
(real) scalars from the n — 1 non-dilatonic vector multiplets. At the level of massless spectrum, 
the action of supersymmetry amounts to the following exchange of irreps.: 

SO{n + 2) x SU{2) x SU{2) H x SU{2)' : (n + 2,2,2,1) i — ► (n + 2,2,1,2). (6.36) 

B F 

This can be realized by noticing that, under the chain of maximal symmetric (|6.34p . (n + 2,2,1,2) 
decomposes as follows: 

(n + 2,2,1,2) = (n- 1,1, 2, 1,2) + (1,3, 2, 1,2) 
= (n- 1,1, 2, 2) + (1,3, 2, 2) 

= (n- 1,2, 2) + (1,4, 2) + (1,2, 2), (6.37) 

thus reproducing the massless fermionic spectrum of M = 2, D = 5 ^'"-related supergravity 
(4(n + 2) states): 1 SU (2)'-doublet of gravitinos, 1 SU (2)'-doublet of dilatonic gauginos, and 
n — 1 SU (2) -doublets of gauginos from the n — 1 non-dilatonic vector multiplets. Note that, 
consistently, bosons are 7£-symmetry SU (2) -singlets, whereas fermions fit into SU (2) -doublets. 

2. As generally holding true also for the semi-simple cases, SU (2) j, which commutes with SO(n — 
1) x SU(2)' inside SO{n + 2) x SU{2) x SU{2) H x SU{2)' (c/r. (|fej> ). is the Kostant "principal" 
SU{2) (I3TTdT) into the D = 5 Ehlers (3,M): 

(3, M) n (2) so(n+2) x S£/(2) x Sf7 (2) J = SU (2) J . (6.38) 

3. As a consequence of the chain of maximal symmetric embeddings f|6.11j) and (|6.34p . the following 
(non-maximal, non-symmetric) manifold embedding holds: 

SO(4,„ + 2) ^ SOifM-nMftR)^ 



50(n + 2) x SU(2) x Sf/(2) H vw SO(n - 1) SC/(2) J 

As above, this has the trivial interpretation of embedding of the scalar manifold of the D = 5 
theory into the scalar manifold of the corresponding theory reduced to D = 3. 

4. In = 2, L> = 5 ^'"-related supergravity, (|3.25p - (|3.27p respectively specify to [10] 



M 5 ^(4,n + 2) . 

Ar=2,o^ 50(1,1) x 50(1, n-1) x SL (3, M) Ehlcrs ' V ' ' 

^5 _ SO(4)x50(n + 2) . 

M A^'" = 50(n-l)x5C/(2)/ (6 ' 41) 

c { M N=2,z 2 ' n ) = nc ( M M=2,f^) = dimR (^= 2 ,a 2 ^) = 3n + 3 = 9 (g e// (2, n) + 1|6,.42) 
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where in (|6.42p the definition (|6.8|) has been recalled. 
6.1.1 q = 0, ^3 2 (STU model) 

2,'- 
3 



Within the class (16.31) . the n = 2 element 



^3' 2 =K©r M ~M0R©R (6.43) 



deserves a more detailed analysis. After (|6.5p - (|6.7p . its symmetry groups are 

£ (a 2 ' 2 ) = qconf = so (4, 4) ; (6.44) 

conf^g' 2 ) = autfVfa 2 ;' 2 )) = st(2,M) 0so (2, 2) 

~ sl(2, R) © sl(2, M) © sl(2, K); (6.45) 
str (a 2 ' 2 ) = so(l,l) ©so (1,1) =so(l,l) estco(r M ), (6.46) 

Furthermore, the corresponding "effective" parameter q e ff (|6.8p vanishes 

:g e //(2,2) = 0, (6.47) 

such that the "effective" dimension (|6.9p of 3 2,2 takes value 3. 

The rank-3 Euclidean semi-simple Jordan algebra ^3' (|6.43p corresponds to the so-called STU 
model [511 152j of minimal supergravity (8 supersymmetries), whose triality symmetry is related to the 
complete factorization of conf ^J 2 ' 2 ^ (|6.45p . Furthermore, the vanishing value (|6.47|) of the "effective" 

parameter q e f t yields the identification of ^3' as a Jordan algebra pertaining to the q = element of 
the (/-parametrized "exceptional sequence" given by the second row of Table 1 (see e.g. [22]); indeed, 
£ (iJ 2 ' 2 ^ = so (4,4) (|6.44p is a non-compact, real form (namely, the split form) of so(8): 

= £ (32.2) = qconf (3 2 ' 2 ) = so(4, 4). (6.48) 

It is here worth observing that qconf c ^3 2 ' 2 ^ = £? _ ° = so (8) is the unique classical Lie algebra in 
the "exceptional sequence", besides the limit case of su(3) (see also Footnote 2). 

As pointed out above for the whole class ^3 s[ (3, R) ffistto [Zs 2 ) = si (3, R) ©so(l, 1) ©so (1, 1) is 

not maximally embedded into £ ^ 2 ' = so (4, 4) , but rather it can be embedded through a two-step 
chain of maximal symmetric embedding (c/r. (|6,10p ): 

so(4,4) D so(3,3) ©so(l,l)offi6 2 ffi6_2 

D sI(3,R) ,o 0so(l, l)o,o ©so(l, l)o,o 

e 3_ 4 ,o e 3^ © 3 2 ,2 e 3'_ 2i2 e 3 2 ,- 2 e 3'_ 2 _ 2 , (6.49) 

or, at group level: 

50(4,4) D 50(3,3) x 50(1,1) D 5L(3,M) x 50(1,1) x 50(1,1); (6.50) 

28 = 15 + 1 + 6 2 + 6 2 

= 8q,o + lo,o + 3_4,o + 3 4 o + lo,o + 3 2 , 2 + 3_ 2 2 + 3 2 ,_ 2 + 3'_ 2 2 . (6.51) 
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By observing that in 



5L(3,M) x 50(1,1) : 6 2 + 6_ 2 = (6, 2) ; (6.52) 
5L(3,R) x 50(1,1) x50(l,l) : 3_ 4 ,o + 3 2 _ 2 + 3 2 , 2 = (3, 2 2 + 1_ 4 ) , (6.53) 

(I6.49P and ()6.5ip can consistently be recast as the n = 2 case of the general expressions (|6.10p and 
(I6.12p (analogous formulas for the compact case hold). As mentioned, the "effective" dimension of 
Z 2 ' 2 is n + 1 = 3, and the corresponding representation is reducible as 2 2 + 1_ 4 (|6.53p with respect to 

Str (Z 2 /) =SO(l,l) x 50(1,1). 

Thus, the uplift of STU model to D = 5, based on ^3' , is a non-unified theory [30]; in (|6.53p 
(modulo redefinitions of the £0(1,1) weights), 2 2 corresponds to the graviphoton and the vector 
from the unique non-dilatonic vector multiplet (respectively with positive and negative signature in 
50(1, 1)), whereas 1_ 4 pertains to the vector from the dilatonic vector multiplet. We also note that, 
within the class Z 2,n , only for ^3 2 the total 50(1, l)-weight of the 3-dimensional representation of the 

^2 2 

Jordan algebra ^3' vanishes : 2-2 — 4 = 0. 

Concerning the massless spectrum of the D = 5 uplift of the STU model, the analysis goes as the 
case n = 2 of the general treatment for Z 2 ' n given in Subsec. 16. H we briefly consider it below (as 
implied by the interpretation with 8 local supersymmetries, a D-independent hypermultiplet sector 
must be considered). 

The mcs of qconf (Z^ 2 ) = so (4, 4) and stto (Z 2,2 ) = so(l, 1) © so (1, 1) respectively reads 



mcs (so (4,4)) = so(4) ©so(4) ~ su(2) ffisu(2) ©su(2) ©su(2)^; (6.54) 
mcs (so(l, 1) 8 so (1,1)) = 0. (6.55) 



(|6.54|) corresponds to the following maximal symmetric embeddings at group level: 

50(4,4) d 50(4) x 50(4) ~ 5*7(2) x 5*7(2) x 5J7(2) x 5*7(2)^; (6.56) 
28 = (6,1) + (1,6) + (4, 4) 

= (3, 1,1,1) + (1,3, 1,1) + (1,1, 3,1) + (1,1, 1,3) + (2, 2, 2, 2); (6.57) 



However, the relevant maximal embedding must include the su(2)' algebra from the U-independent 
hypersector, as well: 

so(4) ©so(4) ©su(2)' ~ su(2) ©su(2) ©su(2) ©su(2)^ ©su(2)' 

= su(2) so(4) © su(2) © su(2) H © su(2)' 

©3x1x1x1; (6.58) 

50(4) x 50(4) x 5*7(2)' ~ 5*7(2) x 5*7(2) x 5*7(2) x SU{2) H x 5*7(2)' 

D SU (2) so{4) x 5*7(2) x SU(2) H x 5*7(2)'; (6.59) 

(6, 1,1) + (1,6,1) + (1,1, 3) = (3, 1,1, 1,1) + (1,3, 1,1,1) 

+ (1, 1, 3, 1, 1) + (1, 1, 1, 3, 1) + (1, 1, 1, 1, 3) 
= (3, 1,1,1) + (3, 1,1,1) 

+ (1, 3, 1, 1) + (1, 1, 3, 1) + (1, 1, 1, 3) , (6.60) 

where SU (2) so ^ is diagonal into the first 5*7(2) 's on the r.h.s. of the isomorphism in the first line 
of (16391) : 

5*7(2) 50(4) ~ 50(3) C d 5*7(2) x 5*7(2) ~ 50(4). (6.61) 
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Consistently, the 7£-symmetry of the D = 3 dimensionally reduced STU model is enhanced from 
the quaternionic 5*7(2)// (related to the c-map of the D = 4 vector multiplets' scalar manifold) 
to 50(4) ~ SU(2) H x SU{2)'. On the other hand, SU{2)' ~ *75p (2) is the ^-symmetry of the 
corresponding uplifted theory in D = 5. 

Clearly, it holds that 

su(2)'nso(4,4) = ^>su(2)'nsu(2)j = 0; su(2)'nsl(3,R) = 0; (6.62) 
su(2) so(4) 0su(2)// £ sl(3,M), (6.63) 

where, as in general, the D = 5 Ehlers Lie algebra s[(3,M) admits the massless spin algebra su(2)j as 
maximal compact subalgebra. 

Prom the embedding (|6.54p and (|6.56p . (2,2,2,2) is the quadri-fundamental irrep0 of 50(4) x 
SU(2) x SU{2) H ~ SU(2) x SU{2) x 5*7(2) x SU{2) H , in which the generators of the rank-4 symmetric 
quaternionic scalar manifold su(2)xSU^xSU(2)xSU(2) H °^ ^he D = 3 dimensionally reduced STU 
model sit. Trivially, the n = 2 case of (|6.21|) - (|6.22p yields that the generators of the rank-2 manifold 
SO{l, 1) x S0(1, 1) of the D = 5 uplift of STU model sit in the 1 + 1. Under (l63KD - (f639]h it is then 
worth considering also the following branching: 

50(4) x 50(4) x 5*7(2)' ~ SU{2) x 517(2) x 5*7(2) x SU(2) H x 5*7(2)' 

D 5f7(2) 5G(4) x 5?7(2) x SU{2) H x SU{2)'; (6.64) 
(2,2,2,2,1) = (3, 2, 2,1) + (1,2, 2,1). (6.65) 

Some remarks are in order. 

1. In order to identify the D = 5 massless spin group SU(2)j, a two-step procedure must be 
performed: 1.1] one introduces the diagonal 5*7(2)/ into 5*7 (2) x 5*7 (2)^ (c/r. (|6.30p ). such 
that ()6.65p can be completed to the following chain: 

5*7(2) x 5*7(2) x 5*7(2) x 5*7(2)^ x 5*7(2)' D 5*7 {2) so{A) x 5*7(2) x 5*7(2)^ x 5*7(2)' 

D 5*7(2) so(4) x 5*7(2)/ x 5*7(2)'; (6.66) 

(2,2,2,2,1) = (3, 2, 2,1) + (1,2, 2,1) 

= (3, 3,1) + (3, 1,1) + (1,3,1) + (1,1,1). 

(6.67) 

1.2] Then, the D = 5 massless spin group 5*7 (2)j is identified with the diagonal 5*7(2)// into 
5*7 {2) so ^ x 5*7 (2) j (cfr. (|6.33|) ). Indeed, the chain (|6.66|) - (|6.67|) can be further completed as 
follows: 

5*7(2) x 5*7(2) x 5*7(2) x 5*7(2)// x 5*7(2)' D 5*7(2) 5Q(4) x 5*7(2) x 5*7(2)// x 5*7(2)' 

D 5*7(2) 50(4) x 5*7(2)/ x 5*7(2)' 
D 5*7 (2) j x 5*7(2)'; (6.68) 

(2,2,2,2,1) = (3, 2, 2,1) + (1,2, 2,1) 

= (3, 3,1) + (3, 1,1) + (1,3,1) + (1,1,1) 

= (5, 1) + (3, 1) + (1, 1) + (3, 1) + (3, 1) + (1, 1) . 

(6.69) 



14 For application of (2,2,2,2) irrep. to the connection between QIT and supergravity, see e.g. [531 154] (and Refs. 
therein) . 
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The decomposition (j6.69j) corresponds to the massless bosonic spectrum of the D = 5 uplift 
of the STU model (16 states): 1 graviton and 1 graviphoton (from the gravity multiplet), 1 
dilatonic vector and 1 dilaton from the dilatonic vector multiplet, and 1 vector and 1 (real) 
scalar from the non-dilatonic vector multiplet. At the level of massless spectrum, the action of 
supersymmetry amounts to the following exchange of irreps.: 

SO(n + 2) X £17(2) X SU(2) H X SU(2)' : (2,2,2,2,1) < — ► (2,2,2,1,2). (6.70) 

B F 

This can be realized by noticing that, under the chain (|6.68p of maximal symmetric embeddings, 
(2, 2, 2, 1, 2) decomposes as follows: 

(2, 2, 2, 1, 2) = (3, 2, 1, 2) + (1, 2, 1, 2) = (3, 2, 2) + (1, 2, 2) = (2, 2) + (4, 2) + (2, 2) , (6.71) 

thus reproducing the massless fermionic spectrum of the theory (16 states): 1 SU (2)'-doublet of 
gravitinos, 1 SU (2) -doublet of dilatonic gauginos, and 1 SU (2) -doublet of gauginos from the 
non-dilatonic vector multiplet. Note that, consistently, bosons are 7£-symmetry SU (2) -singlets, 
whereas fermions fit into SU (2)'-doublets. 

2. SU(2)j, which commutes with SU{2)' inside 517(2) x SU{2) x SU{2) x SU{2) H x SU{2)' {cfr. 
dEBSD ), is the Kostant "principal" SU{2) (|3TT6l) into the 77 = 5 Ehlers group SL (3,K): 

= SU(2)j. (6.72) 



SL (3,R)n SU(2) so{4) x SU(2) x SU(2) H 



3. As a consequence of the chain of maximal symmetric embeddings (|6.50p and (|6.68|) . the following 
(non-maximal, non-symmetric) manifold embedding holds: 

SO(M) 3SO(l,l)x SO (l,l)x^>. (6.73) 



SU(2) x S77(2) x SU(2) x SU(2) H K,J y,J SU (2) 

This has the trivial interpretation of embedding of the scalar manifold of the D = 5 theory into 
the scalar manifold of the corresponding theory reduced to D = 3. 

4. By setting n = 2 in ([6T4DT) - (f6T22"]) . one obtains: 

M 5 = gQ (4, 4) . 

^=2,^' 2 50(1,1) x50(l,l) x5L(3,M) Ehlers ' K ' ] 

- S0 ( 4 ) x ■ r6 75) 

M *=2,? 3 < 2 = suWj ' { ' 



c ( M ^r) = n H M W 2 J =dim H M W 2 J = 9 ' (6 - 76) 

consistent with the vanishing of q e ff for the STU model (cfr. ()6.47p ). 
6.2 ^• n = M©r 5 , n _i 

Let us now consider the class ^3™ (|6.4p of semi-simple rank-3 Euclidean Jordan algebras. The relevant 
chain of embeddings reads: 

so(8,n + 2) D so(3,3) 0so(5,n-l)06 x (n + 4) 
D sl(3,M) 0so(5,n - 1) 0so(l,l) 

3 x ((n + 4) 2 + 1_ 4 ) 3' x ((n + 4)_ 2 + 1 4 ) , (6.77) 
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or, at group level: 



50(8,n + 2) D 50(3,3) x 50(5, n- 1) 

D 5L(3,M) x 50(5, n- 1) x 50(1,1); (6.78) 

Ad j,SO(8,n+2) = Ad JsO(3,3) + Ad JsO(5,n-l) + (6, n + 4) 
= Ad jsL(3,R) + A dj50(l,l) + Ad jsO(5,n-l) 

+ (3, (n + 4) 2 + 1_ 4 ) + (3', (n + 4)_ 2 + 1 4 ) , (6.79) 

where the subscripts denote 50(1, l)-weights. 

According to (|6.8|) and (|6.9|) . the "effective" dimension of 33™ is n + 5, and the corresponding 

Jordan algebra representation is reducible with respect to Str^ ^'"J = 50(1, 1) x 50(5, n — 1), as 

given by ffTTTj) and (16779]) : 

n + 5 = (n + 4) 2 + 1_ 4 . (6.80) 

Thus, the ^'"-related A/" = 4 (half-maximal) , -D = 5 supergravity is noi unified. In (|6,80p (modulo 
redefinitions of the 50(1, 1) weights), (n + 4) 2 corresponds to the 5 graviphotons and the n — 1 matter 
vectors (respectively with positive and negative signature in SO(5,n — 1)), whereas 1_ 4 pertains to 
the 2-form in the gravity multiplet. 

The second line of (|6.77p can be regarded as the extension of (|2.5p to semi-simple rank-3 Euclidean 
Jordan algebras Z% n (|6.4|) . Its compact counterpart (which correspondingly generalizes (|2.7|) ) reads 

so(n + 10) D so(6) 0so(n + 4) 06 x (n + 4) 
D su(3) ©5o(n + 4) 0u(l) 

© 3 x ((n + 4) 2 + 1_ 4 ) © 3 x ((n + 4)_ 2 + 1 4 ) , (6.81) 

with subscripts here denoting £/(l)-charges. 

At group level, the algebraic decompositions (|6.77p and (|6.8ip respectively correspond to the second 
line of (|6.78|) . which can be summarized by the non-maximal non-symmetric embedding 

QConf ^3'™) D SL (3, K) x Str (f 3 ' n ^j , (6.82) 

and its compact counterpart: 

SO (n + 10) D SU(3) x SO(n + 4) & QOon/ c ^3'™) D S?7 (3) x 5tr , c ^S' n ) • (6-83) 



As mentioned, 3 s ' n pertains to half-maximal supergravity (16 supersymmetries): therefore, coupling 
is allowed to matter (vector) multiplets, with no D-independent hypermultiplet sector. 

The mcs of qconf KI3 n ) = so (8, n + 2) and stto ^'"J = so(l, 1) © 50 (5, n — 1) respectively read 

mcs (so (8, n + 2)) = so(8) © so(n + 2); (6.84) 
mcs (5o(l, 1) ©50 (5,n - 1)) = so(5) ©so (71 - 1) ~ usp(4) ©50 (n - 1) , (6.85) 

corresponding to the following maximal symmetric embeddings at group level: 

50(8,n + 2) D 50(8) x 50(ri + 2); (6.86) 

Ad J50(8,n+2) = Ad 3sO(n+2) + Ad JSO(8) + (8*, , n + 2) ; 
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50(1,1) X SO(5,n- 1) D £0(5) x 50(n - 1) ~ USp(4) x 50(n - 1); (6.87) 
1 + Adj 5o( 5 !n _ 1)!0 = l + Adj 50(n _ 1) +Adj S0(5) + (5,n-l), (6.88) 

where 8„ denotes the vector 8 irrep. of 50(8). 

From the embedding (|6,86p . (8„, n + 2) is the bi-fundamental irrep. of 50(8) x 50(ro + 2), in which 
the generators of the symmetric scalar manifold soffyx^o(n+2) °^ ^ ne ^ = ^ half-maximal ^'"-related 
supergravity sit. Furthermore, from the embedding ()6.87p . the generators of the symmetric scalar 
manifold 50(1, 1) x E/gp^^'gQ^— i) °f the corresponding D — 5 theory sit into the (1, 1) + (5, n — 1) 
of 50(5) x 50(n — 1) ~ J75p(4) x 50(n — 1). Thus, the relevant maximal embedding reada^l 

so(8) 0so(n + 2) = so(5) 0so(n - 1) ©su(2)/ 0su(2)// 

©5xlx3xl©lx(n-l)xlx3; (6.89) 

50(8) x 50(n + 2) D SO (5) x 50(n - 1) x SU(2)i x SU(2) n ; (6.90) 

(28, 1) + Adj so(n+2) = (10,l,l,l) + Adj 5O(n _ 1} 

+ (1, 1, 3, 1) + (1, 1, 1, 3) + (5, 1, 3, 1) + (1, n - 1, 1, 3) ; (6.91) 



(8 v ,n + 2) = (5,n-l,l,l) + (5,l,l,3) + (l,n-l,3,l) + (l, 1,3,3), (6.92) 



where 



50(8) d 50(5) x 50(3) ~ USp(4) x 5C/(2) 7 ; (6.93) 
8, = (5,1) + (1,3); 
28 = (10,1) + (1,3) + (5,3); 

50(n + 2) D SO(n- 1) x 50(3) ~ SO(n - 1) x SU(2) n ; (6.94) 
n + 2 = (n- 1,1) + (1,3); 
Ad J50(n+2) = Adj 50(n „ 1) + (l,3) + (n-l,3). 

Note that, differently from the analogous formula for simple rank-3 Euclidean Jordan algebras, the 
maximal embedding (|6.89[) - (|6.90[) is symmetric, as (|6.93p and ()6.94p are. 

As consistently yielded by (|6.86p and (|6.87p . the 7^-symmetry of M = 8, D = 3 ^'"-related half- 
maximal supergravity is 50(8), whereas SO (5) ~ USp(A) is the ^-symmetry of the theory uplifted 
to D = 5. 

1. Differently from the semi-simple class treated above, the massless D = 5 spin group SU (2) 
can be identified by a one-step procedure, with the diagonal SU(2) into SU(2)j x SU(2)jj: 

SU (2) j c d SU (2) x x SU {2) n . (6.95) 



15 We use a different convention on the branchings of the 8's of SO (8) (with respect e.g. to [34]). namely: 

SO{8) D 50(5) x SO(3) ~ USp(A) x SU(2)r, 
8, = (5,1) + (1,3); 
»s = (4,2); 
8 C = (4,2). 

This is one of the possible ones allowed by the SO (8) triality, and it can be regarded as the "physical" one, in which the 
vector 8„ of 50(8) decomposes into the fundamental (vector) 5 of SO(5). 
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Thus, (|6.90p can be completed to the following chain: 

SO(8) x SO(n + 2) D 50(5) x SO(n - 1) x 5C/(2)/ x SU{2) H 

D SO (5) x SO(n - 1) x SU(2)j; (6.96) 

(8„n + 2) = (5,n-l,l,l) + (5,l,l,3) + (l,n-l,3,l) + (l,l,3,3) 
= (5,n-l,l) + (5,l,3) + (l,n-l,3) 

+ (1,1, 5) + (1,1, 3) + (1,1,1). (6.97) 

Indeed, the decomposition (|6,97p corresponds to the massless bosonic spectrum of M = 4, D = 5 
^'"-related half-maximal supergravity (8 (n + 2) states): 1 graviton, 1 2-form, 5 graviphotons 
and 1 real scalar from the gravity multiplet, and 5 (n — 1) scalars and n — 1 vectors from the 
n — 1 matter (vector) multiplets. At the level of massless spectrum, the action of supersymmetry 
amounts to the following exchange of irreps.: 

50(8)x50(n + 2):(8 1 „n + 2) < — ► (8 s ,n + 2), (6.98) 

B F 

where 8 S is the chiral spinoJ^l irrep. of SO(8). This can be realized by noticing that, under the 
chain (|6.97|) of maximal symmetric embeddings, (8 S , n + 2) decomposes as follows: 

(8 S , n + 2) = (4, n - 1, 2, 1) + (4, 1, 2, 3) = (4, n - 1, 2) + (4, 1, 4) + (4, 1, 2) , (6.99) 

thus reproducing the massless fermionic spectrum of the theory (8(n + 2) states): 4 gravitinos 
and 4 spin 1/2 fermions (from the gravity multiplet), and 4 (n — 1) gauginos from the n — 1 
matter (vector) multiplets. 

2. SU(2)j, which commutes with USp(4) x SO{n - 1) inside SO (8) x SO{n + 2) (cfr. ^Mh ). is 
the Kostant "principal" SU(2) (fXTBD into the D = 5 Ehlers group SL (3,R): 

SL (3,M) n [SU(2) I x SU{2) n ] = SU (2) J . (6.100) 

3. As a consequence of the chain of maximal symmetric embeddings (|6.78|) and (|6.96p . the following 
(non-maximal, non-symmetric) manifold embedding holds: 

SO (8,n + 2) SO(5,n-l) 5L(3,R) 

50(8) x SO(n + 2) D ij X USp(4) x 50(n - 1) X SU (2) J ' (b ' iUij 

As usual, this has the trivial interpretation of embedding of the scalar manifold of the D = 5 
theory into the scalar manifold of the corresponding theory reduced to D = 3. 



4. As resulting from the above treatment, and analogously to the "8 versus 24 supersymmetries" 
interpretation of 3f discussed in Sec. [H the main difference between the semi-simple classes ^3™ 
(|6.4p and (|6.3p resides in the D-independent hypersector. In the former case, pertaining 
to half- maximal (16 supersymmetries) supergravity, such a sector is forbidden by supersymme- 
try; in the latter case, pertaining to minimal (8 supersymmetries) supergravity, such a sector 
must be present for physical consistency; as mentioned above, this hypersector is insensitive to 
dimensional reduction, and it is thus independent on the number D = 3, 4, 5, 6 of space-time 
dimensions in which the theory with 8 supersymmetries is defined. The very same comments 
made at point 4 of Subsec. 13.21 also hold in this case, with (|3.50|) replaced by 

cr ^K, 50 (6, n) c SO(8,n + 2) 

5L(2 ' M) X 50(6) x SO(n) ^ 50(8)x50(n + 2) ' (fU ° 2) 

D=4 D=3 



^Instead of 8 S , the conjugated chiral spinor 8 C can equivalently be chosen, as well. 
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where the coset on the l.h.s. is the vector multiplets' scalar manifold of the D = 4 half-maximal 
theory; it is symmetric, as is its image sof^xSO(n+2) through the "half-maximal" analogue c^ m 
of c-map. 

"veil r\^cir\ cnnor m* cnnfir /l^ 07l\ rocnorifn rcA t t cr^tim frr ■f/Jl'^ 



5. In A/" = 4, £) = 5 ^'"-related supergravity, (|3.25[) - (|3.27|) respectively specify td__| [H) 



r5 _ SO (8,n + 2) 

50(1, 1) x 50(5, n - 1) x SL (3, M) Ehlers ' 



K=,±- 55 ^ TYTT^T^ : (6-103) 



M 5 - 5Q(8)x5Q(n + 2) _ 

il/ V=4,3^ - 50 (5) x sO(n - 1) x SU (2)/ 1 j 

c ( M W-) = nc = {K=^r) =3n+ 15 ' < 6 - 105 ) 

where in (|6,105p the definition (|6.8p has been recalled. 

7 ^a' 6 ~ ^3 2 "Twin" Theories 

As pointed out above, the presence or absence of a ^-independent hypersector is implied by the 
physical (supergravity) interpretation of the model under consideration. In " (bosonic) twin" theories, 
sharing the very same bosonic sector, the D-independent hypersector can or cannot be considered, and 
in both cases the resulting supergravity theory (of course with different supersymmetry properties) is 
physically meaningful. 

Besides the case of ^-related "(bosonic) twin" theories, treated in Sec. HJ another example is 
provided by the semi-simple rank-3 Euclidean Jordan algebrat^l 



f2,6 ~6,2 /71 n 

J 3 ~ 3 3 ' , (7.1) 



given by the element n = 6 of the class 3 3 ' n (|6.3p : 

8 susys = 19^,5, (7.2) 
or by the element n = 6 of the class 3®' n (|6.4|) : 

16 susys : = R © r 5>1 . (7.3) 

The relevant symmetries read 

i^' 6 ) = qconf (tf/) =so (4, 8); (7.4) 

conf^g* 6 ) = aut(d{d 2 /)) =s[(2,M)©so(2,6); (7.5) 

stro^' 6 ) = so(l,l)0so(l,5) =so(l,l)©str (r li5 ), (7.6) 

where 5^ ( -3 3 ' I denotes the Freudenthal triple system constructed over ^3' ■ By recalling the definition 



6.8p . the corresponding "effective" parameter reads 



g«//(2,6) = ^ (7.7) 



such that the "effective" dimension of ^3' is 7. 

17 With respect to the parameter m used in [10] (see e.g. Table 12 therein), we define n = m — 1. 
18 After the treatment of |46| (see also Refs. therein), the cases of 3f and JJ^' 6 ~ 3a' 2 are the unique cases of "(bosonic) 
twin" with symmetric scalar manifolds and with an interpretation in terms of rank-3 Euclidean Jordan algebras. 
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7.1 3 3 ' i 16 Supersymmetries 



6 2 

Let us start by considering J 3 ' . 

Consistently with Subsec. 16.21 it is associated to a theory with 16 supersymmetries, namely J\f = 4, 
D = 5 half-maximal supergravity coupled to 1 matter (vector) multiplet, whose reduction to D = 3 
yields J\f = 8 supergravity coupled to 4 matter multiplets. No D-independent hypersector is allowed. 

In this case, the relevant chain of embeddings reads (so(3, 3) ~ st(4, 1R); so(5, 1) ~ su*(4)): 

so(8,4) D so(3,3) ffiso(5,l) ©6 x 6 

D sl(3,M)©so(5,l)©so(l,l)©3x (6 2 + l_ 4 )©3' x (6_ 2 + l 4 ), (7.8) 

or, at group level: 

50(8,4) D 50(3,3) x 50(5, 1) 

D 5L(3, K) x 50(5, 1) x 50(1, 1); (7.9) 



66 = (15,1) + (1,15) + (6, 6) 

= (8,l) + (l,l) + (l,15) + (3,6 2 + l_ 4 ) + (3',6_ 2 + l 4 ), (7.10) 

where the subscripts denote SO (I, l)-weights. 

The "effective" dimension 7 of Z®' 2 is reducible with respect to Stro (z^'j = 50(1, 1) x 50(5, 1) ~ 
SO(l, 1) x 5C/* (4), as given by JZSJ and (171(1 : 

7 = 6 2 + l_ 4 , (7.11) 

yielding that the ^^-re-lated J\f = 4, D = 5 theory is non-unified. In (|7.1ip (modulo redefinitions of 
the 50(1, 1) weights), 6 2 corresponds to the 5 graviphotons and the unique matter vector (respectively 
with positive and negative signature in 5*0(5,1)), whereas 1_ 4 pertains to the 2-form in the gravity 
multiplet. 

The mcs of qconf f^' 2 ) = so (8, 4) and of stto (3 3 ' 2 J = so(l, 1) © so (5, 1) respectively read 



mcs(so(8,4)) = 50(8) 0so(4) ~so(8) ©su(2) x su{2) {H) ; (7.12) 

mcs (so(l,l) ©so (5,1)) = so(5) ~ usp(4), (7.13) 

corresponding to the following maximal symmetric embeddings at group level: 

50(8,4) D 50(8) x 50(4) ~ SO (8) x SU(2) x SU(2) [H) ; (7.14) 
66 = (28,1) + (1,6) + (8„, 4) 

= (28, 1,1) + (1,3,1) + (1,1, 3) + (8^,2, 2); (7.15) 



50(1,1) x 50(5,1) D 50(5) ~ USp{4); (7.16) 
1 + 15 = 1 + 10 + 5. (7.17) 

As for treated in Subsec. 14.11 the subscript "(if)" denotes the fact that 5t/(2)(#) actually is the 
quaternionic SU(2) connection in the physical interpretation pertaining to 8 local supersymmetries 
(see below). 

From the embedding ([TT4D . (8„,2,2) is the tri-fundamental irrep. of 50(8) x SU{2) x SU(2) {H) , 
in which the generators of the symmetric scalar manifold so(8)xSU(2)'xSU(2) H °f AA = 8, D = 3 Z^ 2 - 
related supergravity sit. On the other hand, (|7.16p yields that 1 + 5 is the representation of 50(5) in 
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which the generators of the symmetric scalar manifold 50(1, 1) x S gQ^^ of the corresponding D = 5 
theory sit. Thus, the relevant maximal embedding reads 

so(8)0so(4) ~ so(8) 0su(2) ©su(2) ( //) = so(5) ©su(2)/ 0su(2)// 

05x3x101x1x3; (7.18) 

50(8) x 50(4) ~ S0(8) x 517(2) x SU(2) (H) 

D 50(5) x SU{2)i x 5*7(2)//; (7.19) 

(28. 1. 1) + (1, 3, 1) + (1, 1, 3) = (10, 1, 1) + (1, 3, 1) + (1, 1, 3) + (5, 3, 1) + (1, 1, 3) ; (7.20) 

(8 V ,2,2) = (5,1,1) + (5,1,3) + (1,3,1) + (1,3,3), (7.21) 

where §M§ holds, and 5*7(2)// is diagonal into 5*7(2) x SU(2) (H) (c/r. flEED) 

50(4) ~ 5*7(2) x SU(2) (H) D SO (3) ~ 5*7(2)//; (7.22) 
(2,2) = 3 + 1; (3,1) + (1,3) = 3 + 3. 

Note that, differently from the analogous formula for simple rank-3 Euclidean Jordan algebras, the 
maximal embedding (|7.18p - (|7.19p is symmetric, as (|6.93|) and ()7.22p are. 

As consistently yielded by (|7.14p and (|7.16p . the ^-symmetry of M = 8, D = 3 ^^-related 
supergravity is 50(8), whereas 50(5) ~ *75p(4) is the 7£-symmetry of the same theory uplifted to 
D = (5). 

Some remarks are in order. 

1. As pointed out in the analysis of -Jg™ in Subsec. 16.2^ the massless D = 5 spin group 5*7 (2) j 
can be identified, by a one-step procedure, with the diagonal 5*7(2) into 5*7(2)/ x 5*7(2)//: 

SU(2)j C d SU(2)j x SU(2) n . (7.23) 

Thus, (|7.19p can be completed to the following chain: 

50(8) x 50(4) ~ 50(8) x 5*7(2) x SU(2) (H) D SO (5) x 5*7(2)/ x 5*7(2)// 

D 50(5) x 5*7(2),/; (7.24) 

(8„,4) = (8„,2,2) = (5,1,1) + (5,1,3) + (1,3,1) + (1,3,3) 

= (5,1) + (5, 3) + (1,3) + (1,5) + (1,3) + (1,1). (7.25) 

Indeed, the decomposition (|7.25p corresponds to the massless bosonic spectrum of J\f = 4, D = 5 
^3' 2 -related half-maximal supergravity (32 states): 1 graviton, 1 2-form, 5 graviphotons and 1 
real scalar from the gravity multiplet, and 5 real scalars and 1 vector from the unique matter 
(vector) multiplet. At the level of massless spectrum, the action of supersymmetry amounts to 
the following exchange of irreps.: 

50(8) x 5*7(2) x SU{2) {H) : (8„, 2, 2) <— > (8 S , 2, 2), (7.26) 

B F 

where the the conjugated chiral spinor 8 C can be equivalently considered in place of 8 S , as well. 
This can be realized by noticing that, under the chain (|7.25p of maximal symmetric embeddings, 

(8 5 .2.2) decomposes as follows: 

(8 S , 2, 2) = (4, 2, 1) + (4, 2, 3) = (4, 2) + (4, 4) + (4, 2) , (7.27) 
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thus reproducing the massless fermionic spectrum of the theory (32 states): 4 gravitinos and 
4 spin 1/2 fermions (from gravity multiplet), and 4 gauginos from the unique matter (vector) 
multiplet. 

2. SU{2)j, which commutes with USp(A) inside SO (8) x SU(2) x SU(2) {H) (cfr. dT23j) ). is the 
Kostant "principal" SU(2) (13TTB]) into the D = 5 Ehlers group SL (3,R): 

5L(3,M) n [5C/(2)/ x 5£/(2)/i] = 5C/(2) J . (7.28) 



3. As a consequence of the chain of maximal symmetric embeddings (|7.9[) and (|7.24p . the following 
(non-maximal, non-symmetric) manifold embedding holds: 

SO (M) D 50(1, 1) x ^> x 4^"> .son.Dx^fix 5 " 3 '" 



50(8) x 5*7(2) x SU{2) {H) y,J 50(5) SU (2) } v ' 7 USp(4) SU{2)j' 

(7.29) 

As usual, this has the trivial interpretation of embedding of the scalar manifold of the D = 5 
theory into the scalar manifold of the corresponding theory reduced to D = 3. 

4. In M = 4, D = 5 ^3 -related supergravity, (j6.103j) - (j6.105j) respectively specify to 



50(1,1) x 50(5,1) xSL (3, M) Ehlers ' 
5Q (8) x 5Q(4) 
50(5) x SU(2)y 



C ( M W 2 J = n H M W 2 ) =dimK ( M W 2 ) =2L (7 - 32) 



7.2 j>3 ? 8 Supersymmetries 

Let us now consider ^g' 6 . 

Consistently with Subsec. 16.11 it is associated to a supergravity model with 8 supersymmetries, 
namely the Z% 6 -based M = 2, D = 5 supergravity coupled to 6 vector multiplets, and its dimensional 
reduction down to D = 3, which is coupled to 8 matter multiplets. For physical consistency, a 
D-independent hypermultiplet sector must be considered. 

Clearly, the chains of embeddings (|7.8p . (|7.9p and (|7.10p also hold in this case, along with the 

considerations on the reducibility of the representation of 3 3 ' with respect to Stry ( 3 3 ' ) = 50(1, 1) x 

50(1, 5) (cfr. (|7.1ip ). Furthermore, the embeddings (|7.12p - (|7.17p also hold, with the brackets removed 
in the subscript "(H)" . 

(|7.1ip is still true, but with a different interpretation, namely: the 5g' 6 -related M = 2, D = 5 
theory is non-unified, with 62 corresponding to the graviphoton and the vectors from the 5 non- 
dilatonic vector multiplets (respectively with positive and negative signature in 50(1,5); notice the 
consistent flip of signs with respect to the "twin" 3g' 2 -related theory), whereas 1_4 pertains to the 
vector from the dilatonic vector multiplet. 

However, the relevant maximal embedding must include the su(2)' algebra from the ^-independent 
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hypersector, as well: 



so(8) 0so(4) 0su(2)' ~ so(8) ©su(2) ffisu(2) H ffisu(2)' 

= so(5) © su(2) so(8) © su(2) © su{2) H © su(2)' 

©5x3x1x1x1; (7.33) 

50(8) x 50(4) x 517(2)' ~ 50(8) x SU(2) x 5*7(2) H x SU{2)' 

D 50(5) x 5*7 (2) so(8) x 5*7(2) x 5C/(2) H x 5*7(2)'; (7.34) 

(28, 1,1) + (1,6,1) + (1,1, 3) = (28, 1,1,1) + (1,3, 1,1) + (1,1, 3,1) + (1,1, 1,3) 

= (10, 1,1, 1,1) + (1,3, 1,1,1) 
+ (1,1, 3,1, 1) + (1, 1,1,3,1) 

+ (1,1, 1,1, 3) + (5, 3, 1,1,1). (7.35) 

As above, by SU(2) so ^ we denote the group commuting with 50(5) in the maximal symmetric 
embedding 

50(8) D 50(5) x 50(3) ~ USp(4) x 5*7(2) so{8) , (7.36) 

determining (|7.33p . Note that, differently from the analogous formula for simple rank-3 Euclidean 
Jordan algebras, the maximal embedding (|7.33p - (|7.34p is symmetric. 

Note that the 7£-symmetry of M = 4, D = 3 6 -related supergravity is consistently enhanced 
from the quaternionic SU(2)h (related to the c-map of the D = 4 vector multiplets' scalar manifold) 
to SU{2) H x SU(2)', as given by (I3T3T]) . On the other hand, 5*7(2)' ~ USp{2) is the ^-symmetry of 
the theory in D = 5. 

Clearly, it holds that 

su(2)'nso(4,8) = ^su(2)'nsu(2)j = 0; su(2)' ns[(3,M) = 0; (7.37) 
su(2) S0(8) ffisu(2) H g sl(3,M), (7.38) 

where, as in general, the D = 5 Ehlers Lie algebra sl(3, R) admits the massless spin algebra su(2)j as 
maximal compact subalgebra. 

From the embeddings considered above, (8„, 2, 2) is the tri-fundamental irrep. of 50(8) x 5*7(2) x 
5*7 (2)h, in which the generators of the rank-4 symmetric quaternionic scalar manifold so ^ x su(2)xSU{2) H 
of M = 4, D = 3 Z 3 ' -related supergravity sit. Furthermore, from (|7. 17|) 1 + 5 is the representation of 
50(5) in which the generators of the rank-2 symmetric real special scalar manifold 50(1, 1) x S gQ^^ 
of the D = 5 theory sit. Thus, under (|7.33p - (|7.34|) . it is worth considering also the following branching: 

50(8) x 50(4) x 5*7(2)' ~ 50(8) x 5*7(2) x 5*7(2)^ x 5*7(2)' 

D 50(5) x 5*7 (2) 50(8) x 5*7(2) x 5*7(2)^ x 5*7(2)'; (7.39) 
(8 V ,2,2,1) = (5, 1,2, 2,1) + (1,3, 2, 2,1). (7.40) 

1. As for the class 0^'" (|6.3p treated in Subsec. 16. 1\ and differently from the case of simple rank-3 
Euclidean Jordan algebras, in order to identify the massless D = 5 spin group SU (2) j a two-step 
procedure must be performed: 1.1] one introduces the diagonal 5*7(2)/ into 5*7 (2) x 5*7 (2)^, 



35 



as given by (|6.30p . such that (|7.40p can be completed to the following chain: 

50(8) x SU{2) x SU{2) H x SU{2)' d SO (5) x 5*7 (2) so(g) x SU(2) x 5*7 (2) H x 517(2/ 

D 50(5) x 517 (2) 50(8) x 5*7(2)/ x 5*7(2)'; (7.41) 

(8„, 2,2,1) = (5, 1,2, 2,1) + (1,3, 2, 2,1) 

= (5, 1, 3, 1) + (5, 1, 1, 1) + (1, 3, 3, 1) + (1, 3, 1, 1) . 

(7.42) 

1.2] Then, the massless D = 5 spin group SU {2)j can be identified with the diagonal 5*7(2)// 
mtoSU(2) so(8) xSU(2) I : 

SU(2)j = SU (2) H c d SU (2) 50(8) x SU (2) 7 , (7.43) 

such that the chain (|7.41|) - (|7.42p can be further completed as follows: 

50(8) x SU{2) x SU(2) H x 5*7(2)' D SO (5) x 5*7 (2) so(8) x SU(2) x 5*7(2)// x SU{2)' 

D 50(5) x 5*7 (2)<j 0(8) x 5*7(2)/ x 5*7(2)' 
D 50(5) x 5*7 (2) j x 5*7(2)'; (7.44) 

(8„, 2,2,1) = (5, 1,2, 2,1) + (1,3, 2, 2,1) 

= (5, 1, 3, 1) + (5, 1, 1, 1) + (1, 3, 3, 1) + (1, 3, 1, 1) 
= (5,3,1) + (5,1,1) 

+ (1, 5, 1) + (1, 3, 1) + (1, 1, 1) + (1, 3, 1) . (7.45) 



2,6 
3 " 



The decomposition (|7.45p corresponds to the massless bosonic spectrum of J\f = 2, D = 5 3 
related supergravity : consistent with the fact that this theory is the "bosonic twin" of the 
M = 4, D = 5 O^^-related supergravity, they share the very same bosonic spectrum (32 states): 
1 graviton and 1 graviphoton (belonging to the unique M = 4 vector multiplet) from the N = 2 
gravity multiplet, 1 dilaton (corresponding to the scalar from the M = 4 gravity multiplet) and 
1 dilatonic vector (which in the M = 4 interpretation corresponds to the 2-form in the gravity 
multiplet) from the M = 2 dilatonic vector multiplet, and 5 vectors (corresponding to the 5 
N = 4 graviphotons) and 5 real scalars (belonging to the N = 4 vector multiplet) from the 5 
non-dilatonic M = 2 vector multiplets. Such states fit into 

TV = 4 (16 susys) : (8„,2,2) of 50(8) x 5*7(2) x SU(2) {H) ; (7.46) 
M = 2 (8 susys) : (8 V , 2, 2, 1) of 50(8) x 5*7(2) x 5*7(2)^ x 5*7(2)'. (7.47) 

On the other hand, the two theories consistently have different fermionic sectors; thus, the 
massless fermionic spectrum of M = 2, D = 5 ^3' -related supergravity is not given by (8 S , 2, 2) 
(or (8 C ,2,2)), but rather by (8„,2,1,2), of 50(8) x 5*7(2) x SU(2) H x 5*7(2)'. This can be 
realized by observing that, under (|7.45p . such an irrep. decomposes as: 

(8^,2,1,2) = (5, 1,2, 1,2) + (1,3, 2, 1,2) = (5, 1,2, 2) + (1,3, 2, 2) 

= (5, 2, 2) + (1,4, 2) + (1,2, 2), (7.48) 

thus corresponding to 5 5*7 (2)'-doublets of non-dilatonic gauginos (from the 5 non-dilatonic 
vector multiplets), 1 5?7(2)'-doublet of gravitinos, and 1 5*7(2)'-doublet of dilatonic gauginos. 
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Thus, at the level of massless spectrum, in the minimal case the action of supersymmetry amounts 
to the following exchange of ir reps 1^1: 

SO (8) x SU{2) x SU(2) H x SU(2)' : (8„,2,2,1) < — ► (8„,2,1,2), (7.49) 

B B 

to be contrasted with its analogue (|7.26p . holding in presence of 16 local supersymmetries. 
Note that, consistently, in the minimal interpretation bosons are 7£-symmetry SU (2)'-singlets, 
whereas fermions fit into SU (2)'-doublets. 

2. SU(2)j, which commutes with SO (5) x SU{2)' inside SO (8) x SU(2) x SU{2) H x SU{2)' (cfr. 
(|7.44p ). is the Kostant "principal" SU(2) (|3.16[) maximally embedded into the D = 5 Ehlers 
group SL(3,K): 

SL(3,R)r\\sU{2) so(8) x SU{2) x SU(2) H ] =SU{2)j. (7.50) 

3. As a consequence of the chain of maximal symmetric embeddings (|7.9p and (|7.44|) . the non- 
maximal, non-symmetric manifold embedding (|7.29p holds, with a different interpretation in 
terms of 8 supersymmetries. 

4. As resulting from the above treatment, and analogously to the "8 susys versus 24 susys" interpre- 
tation of Z3, the main difference between ^J^' 2 (16 supersymmetries) and ^3 6 (8 supersymmetries) 
resides in the Z)-independent hypersector. In the former case, pertaining to half-maximal super- 
gravity, such a sector is forbidden by supersymmetry. In the latter case, pertaining to minimal 
supergravity, such a sector must be present for physical consistency; as mentioned above, the 
hypersector is insensitive to dimensional reductions, and it is thus independent on the number 
D = 3, 4, 5, 6 of space-time dimensions in which the theory with 8 supersymmetries is defined. 
The very same comments made at point 4 of Subsec. 13.21 also hold in this case, with (|3.50p 
replaced by 

or TOW SO (6,2) c - g °( 8 ' 4 ) (7^U 

D=4 D=3 

where the coset on the l.h.s. is the scalar manifold of the I ^3' ~ 33' ) -related J\f = 4 (or M = 2), 

50(8,4) 

SO(8)xSU(2)xSU(2) H 



D = 4 supergravity theory; it is symmetric, as is its image ?n / s s y f^/ow qtt/o\ through c-map 



5. The very same formulas (|7.30p - (|7.32p also hold in this case, but with the different interpretation 
(pertaining to 8 local supersymmetries) considered in this Subsection. 



8 Conclusion 

In the present investigation, we have spelled out the relation which exist between the Ehlers group in 
five dimensions and the rank-3, Euclidean (simple and semi-simple) Jordan algebra interpretation of 
supergravity theories, whose [/-duality symmetry is given by the reduced structure group of the cubic 
norm the underlying Jordan algebra. 

The massless spin (helicity) is enhanced to the Ehlers symmetry, and gets further enlarged to the 
so-called super-Ehlers symmetry [10] by the inclusion of the [/-duality, which consistently encode the 
supermultiplet structure of the corresponding supergravity theory. 

19 Consistently with the branching properties of SO(8) mentioned in Footnote 15, the irrep. (8 S , 2, 2, 1) (or (8 C , 2, 2, 1)) 
of SO (8) x SU(2) x SU(2)h X SU(2)' does not occur as (massless) bosonic or fermionic representation pertaining to the 
D = 5 theory. 
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It is interesting to note that the general D = 5 Jordan pair non-symmetric embedding (|1 .4[) is 
maximal for theories based on simple Jordan algebras, such as N = 16 and 12 "pure" theories, as 
well as N = 4 magical Maxwell-Einstein super gravities, whereas it is non-maximal for the N = 8 and 
N = 4 matter coupled theories based on semi-simple Jordan algebras. However, (|1.4p always preserves 
the group rank, which is not related to supersymmetry but rather to the underlying Jordan algebra. 

Acknowledgements 

We would like to thank Piero Truini and Shannon McCurdy for useful correspondence and discussions. 

A.M. would like to thank the Department of Physics, University of California at Berkeley, where 
this project was completed, for kind hospitality and stimulating environment. 

The work of S.F. has been supported by the ERC Advanced Grant no. 226455, Supersymmetry, 
Quantum Gravity and Gauge Fields (SUPERFIELDS). 

The work of B. Z. has been supported in part by the Director, Office of Science, Office of High 
Energy and Nuclear Physics, Division of High Energy Physics of the U.S. Department of Energy under 
Contract No. DE-AC02-05CH11231, and in part by NSF grant 30964-13067-44PHHXM. 

References 

[1] E. Cremmer and B. Julia, The J\f= 8 Supergravity Theory. 1. The Lagrangian, Phys. Lett. B80, 
48 (1978). E. Cremmer and B. Julia, The S0(8) Supergravity, Nucl. Phys. B159, 141 (1979). 

[2] M. Giinaydin, G. Sierra and P. K. Townsend, Exceptional Supergravity Theories and the Magic 
Square, Phys. Lett. B133, 72 (1983). M. Giinaydin, G. Sierra and P. K. Townsend, The Geometry 
of M= 2 Maxwell- Einstein Supergravity and Jordan Algebras, Nucl. Phys. B242, 244 (1984). 

[3] B. de Wit, F. Vanderseypen and A. Van Proeyen, Symmetry Structure of Special Geometries, 
Nucl. Phys. B400, 463 (1993), hep-th/92 10068. 

[4] S. Ferrara and M. Giinaydin, Orbits of exceptional groups, duality and BPS states in string theory, 
Int. J. Mod. Phys. A13, 2075 (1998), hep-th/9708025. 

[5] B. L. Cerchiai, S. Ferrara, A. Marrani, B. Zumino, Charge Orbits of Extremal Black Holes in Five 
Dimensional Supergravity, Phys. Rev. D82, 085010 (2010). larXiv : 1006 . 310T1 [hep-th] . 

[6] C. Hull and P. K. Townsend, Unity of Superstring Dualities, Nucl. Phys. B438, 109 (1995), 
hep-th/9410167. 

[7] E. Cremmer, Supergravities in 5 Dimensions, in : "Superspace and Supergravity", Eds. SW. 
Hawking and M. Rocek (Cambridge Univ. Press, 1981). 

[8] B. Julia, Group Disintegrations, in : "Superspace and Supergravity", Eds. SW. Hawking and M. 
Rocek (Cambridge Univ. Press, 1981). 

[9] P. Truini, Exceptional Lie Algebras, SU(3) and Jordan Pairs, arXiv : 1112 . 1258 [math-ph] . 

[10] S. Ferrara, A. Marrani and M. Trigiante, Super-Ehlers in Any Dimension, arXiv: 1206. 1255 
[hep-th] . 

[11] M. Goroff and J. H. Schwarz, D -dimensional Gravity In The Light Cone Gauge, Phys. Lett. 
B127, 61 (1983). 



38 



[12] P. Jordan, Uber die multiplikation quanten-mechanischer grossen, Zschr. f. Phys. 80 (1933) 285. 
P. Jordan, Uber verallgemeinerungsm "oglichkeiten des formalismus der quantenmechanik, Nachr. 
Ges. Wiss. Gottingen (1933) 209-214. N. Jacobson, Some groups of transformations defined by 
Jordan algebras, J. Reine Angew. Math. 207 (1961) 61-85. N. Jacobson : "Structure and Repre- 
sentations of Jordan Algebras", vol. 39. American Mathematical Society Colloquium Publications, 
1968. 

[13] P. Jordan, J. von Neumann, and E. P. Wigner, On an Algebraic generalization of the quantum 
mechanical formalism, Annals Math. 35, 29 (1934). 

[14] T. A. Springer, Characterization of a class of cubic forms, Nederl. Akad. Wetensch. Proc. Ser. 
A24 (1962) 259-265. 

[15] K. McCrimmon, The Freudenthal- Springer- Tits construction of exceptional Jordan algebras, 
Trans. Amer. Math. Soc. 139 (1969) 495-510. 

[16] K. McCrimmon, A Taste of Jordan Algebras, Springer-Verlag New York Inc., New York, 2004. 

[17] L. Borsten, D. Dahanayake, M. J. Duff, and W. Rubens, Black Holes Admitting a Freudenthal 
Dual, Phys. Rev. D80 (2009) 026003, arXiv: 0903. 5517 [hep-th] . 

[18] M. Giinaydin, K. Koepsell and H. Nicolai, Conformal and Quasiconformal Realizations of Excep- 
tional Lie Groups, Commun. Math. Phys. 221, 57 (2001), hep-th/0008063. 

[19] M. Giinaydin and O. Pavlyk, Minimal Unitary Realizations of Exceptional U -Duality Groups and 
their Subgroups as Quasiconformal Groups, JHEP 0501, 019 (2005), |hep z th /0409272} 

[20] M. Giinaydin, Lectures on Spectrum Generating Symmetries and U-duality in Supergravity, Ex- 
tremal Black Holes, Quantum Attractors and Harmonic Superspace, arXiv : 0908 . 0374 [hep-th] . 

[21] L. Borsten, M. J. Duff, S. Ferrara, A. Marrani and W. Rubens, Small Orbits, Phys. Rev. D85, 
086002 (2012), arXiv: 1108.0424 [hep-th]. L. Borsten, M. J. Duff, S. Ferrara, A. Marrani and 
W. Rubens, Explicit Orbit Classification of Reducible Jordan Algebras adn Freudenthal Triple 
Sustems. larXiv : 1 108 . 09081 [math.RA]. 

[22] J. M. Landsberg and L. Manivel, Triality, Exceptional Lie Algebras and Deligne Dimension For- 
mulas, arXiv: math/0107032. 

[23] S. Ananth, L. Brink and P. Ramond, Eleven- dimensional supergravity in light-cone superspace, 
JHEP 0505 (2005) 003, hep-th/0501079. 

[24] L. Brink, S.-S. Kim and P. Ramond, E 7(7) on the Light Cone, JHEP 0806, 034 (2008), 
arXiv: 0804. 4300 [hep-th]. 

[25] L. Brink, S.-S. Kim and P. Ramond, E m on the Light Cone Superspace, JHEP 0807, 113 (2008), 
larXiv : 080T72 993 [hep-th]. 

[26] A. Keurentjes, The Group theory of oxidation, Nucl. Phys. B658, 303 (2003), hep-th/0210178. 

[27] A. Keurentjes, The Group theory of oxidation 2: Cosets of nonsplit groups, Nucl. Phys. B658, 
348 (2003), [hep 1 th/0212024 

[28] N. Marcus, A. Sagnotti, J. H. Schwarz, Infinite Symmetry Algebras of Extended Supergravity 
Theories, Nucl. Phys. B243, 335 (1984). 

[29] N. Marcus and J. H. Schwarz, Three- Dimensional Supergravity Theories, Nucl. Phys. B228, 145 
(1983). 



39 



[30] B. de Wit, A.K. Tollsten and H. Nicolai, Locally supersymmetric D = 3 nonlinear sigma models, 
Nucl. Phys. B392, 3 (1993), hep-th/9208074. 

[31] E. Cremmer, J. Scherk and H. Schwarz, Spontaneously Broken J\f= 8 Supergravity, Phys. Lett. 
B84, 83 (1979). 

[32] B. Kostant, The Three Dimensional Sub-Group and the Betti Numbers of a Complex Simple Lie 
Group, Am. J. Math. 81, 973 (1959). 

[33] G. Compere, S. de Buyl, E. Jamsin and A. Virmani, G2 Dualities in D = 5 Supergravity and 
Black Strings, Class. Quant. Grav. 26, 125016 (2009), arXiv : 0903 . 1645 [hep-th] . 

[34] R. Slansky, Group Theory for Unified Model Building, Phys.Rept. 79, 1 (1981). 

[35] J. Patera and W. G. McKay, Tables of dimensions, indices, and branching rules for representations 
of simple Lie algebras, Lecture notes in pure and applied mathematics, M. Dekker, New York 
(1981).. 

[36] E. B. Dynkin, Semisimple Subalgebras of Semisimple Lie Algebras, American Mathematical So- 
ciety Translations Series 2, vol. 6 (1957), 111 - 244. 

[37] E. B. Dynkin, The Maximal Subgroups of the Classical Groups, American Mathematical Society 
Translations Series 2, vol. 6 (1957), 245 - 378. 

[38] A. Minchenko, The Semisimple Subalgebras of Exceptional Lie Algebras, Trans. Moscow Math. 
Soc. 67, 225 (2006). 

[39] S. Ferrara, C. A. Savoy and B. Zumino, General Massive Multiplets in Extended Super symmetry, 
Phys. Lett. B100, 393 (1981). 

[40] M. Giinaydin and M. Zagermann, Unified Maxwell-Einstein and Yang-Mills Supergravity Theories 
in Five Dimensions, JHEP 0307, 023 (2003), hep-th/0304109. 

[41] J. Bagger and E. Witten, Matter Couplings in Af= 2 Supergravity, Nucl. Phys. B222, 1 (1983). 

[42] S. Ferrara, J. Scherk and B. Zumino, Algebraic Properties of Extended Supergravity Theories, 
Nucl. Phys. B121, 393 (1977). 

[43] S. Cecotti, S. Ferrara and L. Girardello, Geometry of Type II Superstrings and the Moduli of 
Super conformal Field Theories, Int. J. Mod. Phys. A4, 2475 (1989). 

[44] L. Andrianopoli, R. D'Auria and S. Ferrara, Central extension of extended supergravities in diverse 
dimensions, Int. J. Mod. Phys. A12, 3759 (1997), hep-th/9608015. 

[45] L. Andrianopoli, R. D'Auria and S. Ferrara, U duality and central charges in various dimensions 
revisited, Int. J. Mod. Phys. A13, 431 (1998), hep-th/9612105. 

[46] S. Ferrara, A. Gnecchi and A. Marrani, d = 4 Attractors, Effective Horizon Radius and Fake 
Supergravity, Phys. Rev. D78, 065003 (2008), arXiv: 0806. 3196. 

[47] D. Roest and H. Samtleben, Twin Supergravities, Class. Quant. Grav. 26, 155001 (2009), 
larXiv: 0904. 1344 [hep-th]. 

[48] P. Breitenlohner, G. W. Gibbons, and D. Maison, Four- dimensional black holes from Kaluza-Klein 
theories, Commun. Math. Phys. 120 (1988) 295. 



40 



[49] L. Andrianopoli, S. Ferrara, A. Marrani and M. Trigiante, Non-BPS Attractors in 5d and 6d 
Extended Supergravity, Nucl. Phys. B795, 428 (2008), arXiv: 0709. 3488. 

[50] M. Giinaydin and O. Pavlyk, Quasiconformal Realizations of Eq(q\, £7(7), ^8(8) an d 
SO (n + 3, m + 3), Af> 4 Supergravity and Spherical Vectors, arXiv: 0904. 0784 [hep-th] . 

[51] M. J. Duff, J. T. Liu and J. Rahmfeld, Four- dimensional String- String- String Triality, Nucl. 
Phys. B459, 125 (1996), hep-th/9508094. 

[52] K. Behrndt, R. Kallosh, J. Rahmfeld, M. Shmakova and W. K. Wong, STU Black Holes and 
String Triality, Phys. Rev. D54, 6293 (1996), |hep-th/9608059[ 

[53] L. Borsten, D. Dahanayake, M. J. Duff, A. Marrani and W. Rubens, Four-Qubit Entanglement 
from String Theory, Phys. Rev. Lett. 105, 100507 (2010), arXiv: 1005 .4915 [hep-th]. 

[54] L. Borsten, M. J. Duff, A. Marrani and W. Rubens, On the Black- Hole/Qubit Correspondence, 
Eur. Phys. J. Plus 126, 37 (2011), arXiv : 1101 . 3559 [hep-th]. 



41 



